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PREFACE

This is the final report for the program entitled Stud y of Structural
Damp ing in Solid Propellant Rocket Motors Undergoing Unstable Acoustic
Oscillations , Contract F0461l—76—C—0039 . The work was accomplished at
Hercules Incorporated , Ba cchus Works , Magna , Utah. The report is submitted
in accordance with data item B005 of the contract. The contract was issued
to Hercules by the Ai r Force Rocke t Propulsion Labora tory , Edwards , Ca.,
93523. Captain J . J. Donn was the AFRPL project manager for the program.

At Hercules , Mr. L. R. West assisted with the acoustics testing work
on this program . Mr. Lanny Myers assisted with the propellant dynamic
testing work and Dr. Scott Beckwith provi ded val ues of dynamic propellant
moduli for use in the NASTR.AN analyses. Dr. Dean Wang performed NASTRAN
analyses and Mr. Norm Peterson studied a rod—organ pipe model in support
of the Structural Damping program. Dr. Merrill Beckstead was a technical
consultant and Mr. McKay Anderson was the Technical Program Manager. Dr.
F. R. Jensen was the Pr inc i pal Invest iga to r .  Dr .  F.  F .  C.  Cul ick  of the
California Institute of Technology also consulted on the project.
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SECTION I

INTRODUCTION

Almost all solid propellant rocket motors exhibit some degree of com-
bustion instability. Combustion instability is characterized by chamber
pressure oscillations in a burning motor that increase in an unstable
(eat envelope ) fashion until some limiting amp litude is reached . As burn-
ing in the motor continues , the conditions required to sustain oscillation
in a particular mode change and the oscillations themselves typ icall y die
away before thi~ end of motor operation .

The hot combustion gases in the combustion cavity can oscillate in
various natural acoustic modes much the same way that the column of air
in an organ pipe resonates. A small perturbation in combustion cavity
pressure can start acoustic oscillations in one or more of the natural
acoustic modes. If the mode is unstable , the small pressure perturbation
causes the mode to grow in amp litude at a rate determined by combined
growth and loss me chanisms . One potential loss mechanism is the structural
damp ing inherent in the motor case and grain structure . Since the motor
can absorb energy from an oscillating acoustic mode , structural damp ing
can have a significant stabilizing effect. An earlier stud yCU indicated
the potential role of structural damp ing in stabilizing acoustic oscilla-
tions.

Hi gh level vibration (as high as 300 g ’s), has been attributed to
unstable acoustic oressure oscillations in some modern ballistic missile
motors. Such hi gh level vibration response is potentiall y hazardous to the
safe and reliable operation of a missile. Because of this , a considerable
amount of effort has been devoted to the study of unstable acoustic pres-
sure oscillations in solid rocket motors over the past several years . As
a part of such studies , the Aerojet Solid Propulsion Company (ASPC) was
commissioned by the Air Force Rocket Propulsion Laboratory (AFRPL) to
develop a Standard Stability Program (a computer program that could serve
as a standard for the industry for predicting the acoustic stability of
new rocket motor designs).

The p lans for the Standard Stability Program did not include considera-
tion of structural damp ing as a stabilizing mechanism. Therefore , the
AFRPL issued contract F0461l—76—C—0039 , to Hercules Incorporated , Bacchus
Works , Magna , Utah , to do the work required to incorporate structural
damp ing considerations into the ASPC Standard Stability Program. This
final report covers the work performed by Hercules on the AFRPL Structural
Damping Program.

(l)
Anderson J. McKay , “Structural Damp ing of Acoustic Oscillations in
Solid Propellant Rocket Motors ” , Eighth JANNAF Combustion ~teeting,
Monterey , Cal. 14—16 September 1971.
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The objectives of the Structural Damping Program were to establish the
role of structural damp ing in regulating acoustic pressure growth rates in
solid propellant rocket motors and to show the accuracy to which structural
damp ing calculations can be made . The program was organized into the five
t asks  d iscussed be low .

TASK I - EXPERIMENTAL MEASUREMENT OF STRUCTURAL DAMPING

Objective — Experimentall y determine the magnitude of structural
damping in a 10—inch—diameter test motor and demonstrate how
damping is affected by changes in acoustic frequency and motor
chamber pressure .

TASK II - VERIFICATION OF STRUCTURAL DAMPING CALCULATIONS

Objective — Demonstrate the accuracy to which the measured
structural damping rates can be calculated using the NASTRAN
computer program. This task required that dynamic propellant
moduli be obtained for use in the analysi s models .

TASK III - GUIDELINES AND PROCEDURES FOR STRUCTURAL DAMPING ANALYSES

Objective — Establish guidelines and procedures that would
enable anal ysts to routinely carry out structural damping
anal yses.

TASK IV - DEVELOP PARAMETRIC STRUCTURAL DAMPING CURVES

Objective — Develop a series of parametric charts which will
allow analysts to estimate structura l damping magnitudes for
simple stability analyses.

TASK V — INCORPORATION OF STRUCTURAL DAMPING INTO ASPC ACOUSTIC
STABILITY PROGRAM

Objective — Ensure compatibility of the structural damp ing
analysis computer program with the ASPC Standard Stability
Program nomenclature and procedures and provide a single
reference source for all calculations necessary for an all—up
acoustic stability analysis.

Tasks I and II of the program were scheduled to run concurrentl y. The
program plan included provisions for reviewing and rep lanning the program
if any trouble precluded successful completion of Tasks I and II. Various
technical problems were encountered in Tasks I and II and neither task
was successfully completed. This report documents the work performed
on Tasks I and II, discusses the technical problems encountered , and
makes suggestions for a future study of structural damping .
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Problems experienced with the experimental work of Task I are the
main reason the project was not completed as planned. Initially, damp ing
measurements indicated that the damping coefficient , a , is a s t rong f u n c t i o n
of geometry , (gap width) , and pressure . The expected result of a mono—
tonicall y increasing value of a with increasing pressure was not achieved .
Later experiments indicated that the acoustic driver used for the testing
was not uncoup led from the acoustic cavity and most of the test data con-
tained the influence of the driver as well as the characteristics of the
acoustic cavity. The final experiment in the program , using a 1/16—inch—
diameter hole between acoustic cavity and driver to uncouple the two
cavities , resulted in a sig n i f i can tly different a versus pressure response.

The second section of this report covers the general approach to Tasks
I and II. Sectior’ III covers the basic test installations and proc edu res ,
and Section IV contains a discussion of the corresponding test data. Dynamic
moduli testing using the Gottenberg apparatus and modulus conversion from
relaxation data are discussed in Section V. The analyses that were per-
formed to support the program , mostly using NASTRAN , are discussed in
Section VI . Sections VII and VIII contain recommendations and conclusions ,
respec t ive ly .  Mr. Normand Peterson ’s report of his study of the rod—organ
pipe model is included as an appendix to this report.

10
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SECTION II

APPROACH

The five tasks into which this project was organized were listed in
Section I. Only Tasks I and II are discussed here .

A . TASK I — EXPERIMENTAL MEASUREMENT OF STRUCTURAL DAMPING

Plans for Task I called for performing damp ing measurements on three
different test motors. The damp ing was to have been measured by introducing
an acoustic wave in the motor combustion cavity and then either measuring
the pressure decay after the input to the driver was removed or measuring
the width of a frequency response curve . Such measurements would indicate
the total damping in the system. Sources of damping included in the damp ing
data would be structural damping in the grain , structural damping in the
case , boundary layer shear damp ing, and flow damping due to the particular
motor geometry . Since the damping source of major interest in the study
was structural damping of the grain , a comparison between a model with a
live propellant grain and a model with a rigid—walled grain was planned
in order to isolate the value of structural damping due to the grain.

Original plans called for a motor with a rigid—walled grain (plaster-
of—paris) to be constructed as near ly as possible like the motors with the
live propellant grains . However , a cursory stress analysis of a motor
with a plaster—of—paris grain indicated that the grain and case bond
system could not withstand the high loads associated with pressurization
to 1500 psi. For this reason , an all steel rigid—walled model with internal
geometry similar to that of the live propellant motors was used.

The main difference in geometry between the live propellant motors
and the rig id—walled model is in the area of the flapped dome . When one
of the l ive propellant motors is pressurized , the forward dome cavity
opens up to an extent that depends on the pressure level. When the dome
cavity opens up, it is wide near the centerbore and tapers down to a small
crack at the bond termination near the dome tangent line . Thus , the dome
cavity is a variable thickness gap with an outside surface approximatel y
in the shape of a hemisphere . The inert (rigid—walled) model was designed
with a forward dome gap of uniform thickness extending along a radial line
from the centerbore to the motor inside radius . Thus the gap model and
the actual motor gap are of different geometries. The uniform width
(thickness) of the gap model in the inert motor was designed to be adjust-
able from 0.0 to 0.5 inch to allow modeling of the live propellant motors
at various pressure levels.

A low cost , 10—inch—diameter motor design that has been u = ~’d at
Hercules for other experimental work was selected as the test vehicle. The
l i g h t w e i g h t  analog motor (LAM ) was de signed for and has been proof tested
for pressures greater than 2000 psi. For this program , damp ing measurements

11 
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were made at pressures up to 1 5ØØ psi. Two different types of propellant ,
hydroxy—terminated polybutadiene (HTPB) and a crosslinked double—base (XLDB)
were selected for use in the program . The two propellant types were expected
to have sufficientl y different damp ing characteristics to make the dif-
ferences measurable . LAM 179 , (motor serial number 179) , was cast at the
end of April 1976 , with VSF—3 propellant. The VSF— 3 propellant is an HTPB
type propellant. LAM 180 was cast at the end of May 1976, with VRX— 2 ,
an XLDB propellant. Both motors were cast , rather than cartridge loaded ,
because the casting operation happened to be more convenient and efficient
at the time .

B. TASK II - STRUCTURAL DAMPING ANALYSIS VERIFICATION

The object ive  of Task II was to ver i f y that  s t r u c t u r a l  damp ing fac to r s
can be calculated using the NASTRAN computer program and an appropriate
finite element model. Plans called for an analysis of the mode l at each
test condition used in Task I so that a direct comparison could be made
between test and analysis data. The comparison would result in a qualita-
tive measure of the accuracy to which structural damp ing calculations can
be made .

A required input to the NASTRAN finite element model is the propellant
dynamic moduli (the model includes case , propellant , and gas elements). The
work to determine the moduli was a part of this task . Plans called for
use of the Gottenberg torsional shear testing apparatus to determine the
propellant dynamic m~duli . The determination of propellant properties
actuall y carried out in the program is discussed in Section V. The NASTRA N
and other analyses conducted are discussed in Section VI.
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SECTION I I I

ACOUSTIC TEST SET-UPS AND PROCEDURES

A. RIGID-WALLED MODEL

A sketch of the inert model designed to represent a rigid—walled LAM
is shown in Figure 1. The nine threaded holes along the tube wall are
sized to accept PCB mode l ll6All pressure transducers. The pressure trans-
ducers are used to measure the oscillatory component of the acoustic
cavity pressure . The nine transducer locations along the wall and one in
the end plate were used to determine acoustic mode shapes. Cap screws
with seal washers were placed in all holes not being used . A probe system
(not shown in Figure 1) was also used to determine acoustic mode shapes. The
probe system consisted of a rod about 1/2—inch in diameter with a pressure
transducer connected to one end . A special end plate with a seal around
the rod was used with the probe system. The probe—mounted transducer could
be continuously adjusted from one end of the centerbore cavity to the other.

The radial gap in the inert mode l opposite the driver end was adjustable
from 0.0 to 0.5 inch in width . The adjustment was made by putting spacers
between the end plate and the outer bolt ring . The end plate is held
against the spacers by friction and chamber pressure .

Most of the tests were performe d with the driver fitting loosely int o
the aluminum end plate as shown in Figure 1. Using a loose fit between
the driver flange and the end plate allowed chamber pressure to be all
around the driver. Having the pressure equalized between the main cavity
and the speaker cavity assured that the driver would not be under a pres-
sure load during the high pressure tests. The cavity around the driver was
tightl y packed with pol yurethane foam to hold the driver in place against
the end plate .

The last few tests were performed with a modified driver configuration .
An end plate with a 1/16—inch—diameter hole between the main cavity and the
driver cavity was used in place of the end plate shown in Figure 1. The
new end plate had a provision for rigid attachment of the driver to the end
plate.

B . IN STRUMENTATION

All response measurements were made using PCB model llbAll pressure
transducers . Output from the pressure transducers was input to charge
amplifiers . Output from the amplifiers was observed on an oscilloscope
and recorded on an oscillograph or an X—Y recorder. Steady state measure—
ments were read on an HP model 3400A RMS voltmeter. A digital frequency
counter was used for precise determination of frequencies.
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The driver was a University mode l ID—75 loudspeaker driver. An audio
oscillator was connected to the driver through a McIntosh power amplifier.
The audio oscillator was adjusted for a 2 volt output at 200 Hz. The
power amplifier gain was adjusted to put out a constant 8 volts (rms) into
the 16 ohm (nomina l)  d r i v e r .

C.  MODE SHAPE DETERMINATION

Acoustic cavity mode shapes are mapped by using the probe and the
transducer locations along the tube wall. Prior to mapp ing mode shapes , a
frequency sweep is made with the pressure transducer in a particular fixed
pos i t i on . The response amp l i t ude  is p l o t t e d  as a func t ion  of f r equency  on
an X—Y recorder .  The plot  show s peaks at the acoust ic  resonant  f r e q u e n c i e s .
A p a r t i c u l a r  mode is “ tuned in ” b y a d j u s t i n g  the  f requency  knob on the
osc i l l a to r  whi le  observing the pressure transducer output on the voltage
meter. The frequency which produces a maximum voltage output is noted on
the frequency counter and the frequency knob is left untouched during mode
mapp ing .

When the resonant frequency has been tuned in , an acoustic mode is
mapped using the probe by moving the probe in increments from one end of the
cavity to the other. At each setting of the probe , the voltmeter reading
is recorded along with the probe position.

Th e w a l l  positions are used to map mode shapes by removing the cap
screws one at a time and rep lacing them with the pressure transducer. The
same transducer is used for all readings so that differences between trans-
ducers will not have an effect on the results. Mapping the mode shapes using
the wall transducer positions with and without the probe in place gives an
indication of the amount of mode shape distortion caused by the presence
of the probe .

D. DAMPING FACTOR (a) MEASUREMENT

Two different kinds of tests can be performed to measure the damping
factor , a. Using the freq’iency response method , the frequency bandwidth
at the half power points , Af , will yield a accord ing  to

Q
~~~1

When a resonant frequency , f , has been tuned in , as de scr ibed above , the
vo l t age  V0, is recorded from the voltmeter reading . The half power points
are de te rmined  b y d i v i d i n g  the maximum vol tage  V0 b y \/7 With  the f r e q u e n c y
set at the resonance frequency, the frequency knob on the oscillator is
adjusted to a slightl y lower frequency until a value of V0/VTis read on
the voltmeter and the new frequency , f1, is recorded. The same procedure
for a s l i g h t l y  h igher  f requency , f 2 ,  gives Af f 2 — f 1.

15 
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The decay method is used by recording the pressure decay signal after
power to the driver has been cut off. The decay signal is recorded on an
oscillograp h and the damping fac tor is g iven by:

a~~~ 2 l~~(i±m)

The value of (a/ f0) is commonly known as the logarithmic decrement. The
X~ represents the amplitude of the pressure from the pressure decay curve
at the peak of any cycle and Xi+l is the corresponding amp litude n cycles
later.

E. LIGHTWEIGHT ANALOG MOTORS (LAM ’S)

A sketch giving the configuration of a LAM is shown below .

~~~~~~~~~~~~~~~~~~~~~~~~~~~

.-

±- 

f

~~~~~~~~~~~~~~~~~~~~~~~
:
~~~~~~~~~~~~~}

In the acoustic tests performed for this program , the end closure with the
driver (as shown in Figure 1) was substituted for the end closure with
the nozzle that is shown in the sketch . The forward closure of Figure 1
was also used for the LAN tests in place of the closure shown above .

The LAN ’s used for testing in this program had a flap in the forward
dome so that the dome and propel lant  separated when the motor was pressur ized .

The acoustic tests on the LAN ’s were performed remotely on the static
t e s t  f i r i n g  range at the Bacchus Works f a c i l i t y . The motor was mounted
secure ly to a metal test stand using the bolts in the heavy LAM a f t  c losure .
The test stand was , in turn , securely bolted to the floor of the static
fi ring test bay . The usual safety procedures were followed in testing the
LAN ’s.
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SECTION IV

ACOUSTIC TEST RESULTS AND DISC USSION

A. INITIAL INERT MODEL EXPERIMENTAT ION

1. Natural Modes and Frequencies

With the inert model containing air at ambient pressure and tempera-
ture , and with the variable gap set at 1/4—inch , a frequency sweep was made
to deter~iine the model acoustic cavity natural frequencies. The pressure
transducer was located at wall position No. 9 and the probe was at station
No. 1 (approximatel y 1.0 inch from the forward end plate). The wall trans-
ducer peaked at the frequency and voltage values shown in Table 1 (values
from the NASTRAN analysis are shown for comparison):

TABLE 1. FREQUENCIES AND MODE SHAPES FOR THE
INERT MODEL WITH 1/4-INCH GAP

Normalized Frequencies From
Frequency (Hz) Pressure NASTRAN Analysis  (Hz )

151 0.015 144.7

371 0.034 372 .9

625 0.018 635.0

900 0.113 911.1

1178 0.132 1190.0

1445 0.082 ——

The mode shape of the 151 Hz mode was measured using both wall
t r a n s d u c e r  l oca t ions  and the  probe. The results are shown in Figure 2.
The probe was kept at station No. 1 while the wall measurements were being
made. Mode shapes in the cavities at either end of the centerbore were not
included in the mode verification measurements.

Mode shapes for the 371 , 900 , and 1178 Hz modes are shown in
Figures 3, 4, and 5 , respectivel y. The 625 Hz mode was weak and not well
defined and was not plot ted. The 1445 Hz mode is a high f req uency mod e
the study of which is beyond the scope of this program . This program was
limited to a study of a few lower frequency modes.
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2. Damping and Natural FreQuency Measurements Under Various Conditions

Initial experimentation using the inert model included compari-
sons between methods , locations , and probe uses. For each condition , the
resonant frequency (f) was measured by tuning the oscillator to maximize
the voltmeter reading , and the damping factor ~~~ was measured by either
or both the decay or half power method .

The data given in Table 2 indicate how the damping and frequency
change as the probe is moved along the centerbore . For example , with the
probe located at station 2 (see sketch in Table 2 for station locations)
first mode frequencies of 147.0 and 147.9 Hz were measured using the two
measurement methods. When the probe was moved to station 20 , frequencies
of 141.4 and 142.4 Hz were measured . The corresponding damp ing measure-
ments are 37.07 and 38.10 sec~~ for station 2 and 36.13 and 37.33 sec~~
for station 20. Evidentl y the probe lowers the first mode frequency as it
is extended into the centerbore but has little effect on the damp ing in the
first mode . In ad~ ition , the two damp ing measurement methods provide agree-
ment within 1 sec for the damp ing coefficient . Further examination of
Table 2 indicates that extending the probe further into the centerbore
increases the measured damp ing coefficient for the hi gher modes.

Results from a similar set of tests are shown in Table 3. For
the tests of Table 3 the probe was located at different positions along the
centerbore but damp ing and frequency measurements were made by using a
transducer located at wall position No. 9 as shown in the sketch of Table 3.
The data shown in Table 3 indicate that the probe causes a significant dis—
torion in the inert mode l response.

Table 4 shows how frequency and damp ing vary with measurement
location when the probe is not installed. Only the first acoustic mode is
covered by the data of Table 4. The first mode shape has a pressure node
near location No. 7 , thus the signal leve l at No. 7 is low and data may
not be reliable. Disregarding data from location No. 7, the decay method
gives an average value of a = 30.95 sec~~ w i t h _ a s t anda rd  d e v i a t i o n  of
0.88 sec ’. The half rower method yielded an a = 30.40 sec~~ with standard
li-viation of 3.08 sec 1 . Based on the comparison of standard deviations ,
the decay method appeared to g ive more r epea tab le  r e s u l t s .  For th i s
reason the decay method was adopted as the main me thod in the later work .

The frequencies shown in Table 4 for both methods were deter-
mined the same way and should be the same except for testing variations .
Omitting data from location No. 7 again , the decay method frequencies
averaged 143.22 Hz w i t h  a s t a n d a r d  dev i a t i on  of 0 .59  Hz.  The f r equenc ie s
listed under the half power method averaged 145.08 Hz with a standard
deviation of 0.54 Hz.
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TABLE 2. VARIATION iN FREQUENCY AND DAMPING AS A FUNCTION OF
PROBE POSITION FOR THE TWO DIFFERENT DAMPING MEASUREMENT
METHODS (MEASUREMENTS MADE FROM PROBE TRANSDUCER)

~
—F 

GAP WAS 1/4 IN.
ACOUSTI C CAVITY

PR OBE WI’1H M I CROPH ONE OF INERT MODEL

________________________________________________ POSITION W-9

• —

I .. ..  
~ ~, ~ ~, ~ 

..  £ INDICATES
1 2 3 4 5 6 7 8 9 j~__, PP OBE POSITION

PROBE I I I I I I I I I I I
STATION —a. 0 2 4 6 8 10 12 14 16 18 20 22

£ £
o( 37.07 36.13

147.9 142.4
0.251 0.254

a a
at 2 6 . 3 9  32.99

f  366.2 369 1 OC VERSUS PROBE

o C / f  0 .07 2 0 .089 ON
a a £ £ PR OBE

31 .42 32.99 33.30 34.87 (HA LF POWER
891.4 897.3 900.9 899.8 PO INTS METHOD )

0(11 0.035 0.037 0.037 0.039

a a
CC 5L2 1  5 8 .7 5

f  1167.8 1170.6
CC/ f 0.044 0.050

a £

- . 38.10 37.33
f  147 .0 - 141.4

C C/ f  0 .259
a £

CC 24.16 28.37
365.3 367.3 

~~ VERSUS PROBE
0 - C / f  0.066 0.077 LOCATION

a a a MEASURE D
CC 29.86 29.84 34.04 ON PROBE

f 890.1 896.2 898.5 (DECAY METHOD)

at/f 0.034 0.033 0.038
£

cC 51.76 -

f 1165 .2
a t / f  0 .044
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TABLE 3. VARIATION IN FREQUENCY AND DAMPING AS A FUNCTION OF PROBE POSITION
FOR THE TWO DIFFERENT DAMPING ME.~.SUREMENT METHODS
(MEASUREMENTS MADE AT WALL POSITION NO. 9)

GAP WAS 1/4 INCH ACOUSTIC CAVITY -

PRO~~ 1 1 1 1 1 1 1 1 1  “ I
STATION —

~~~ 0 2 4 6 8 10 12 14 16 18 20 22

a a  £ a
at 52.78 50.27 39 58 39 .90

149.3 149.3 146.3 142.9 CC MEASURED AT
at/f 0.354 0.337 0.271 0.279 W—9 FOR

a a a VARIOUS
at 30.16 32 .67 32.99 PROBE LOCATIONS
f 895.2 895.5 890.2 (HALF POWE R

oC/ f  0.034 0.036 0.037 POINTS METHOD)

£ £
cC 36.80 32.58
f 149.4 146 .2 Q(MEA SURED AT

CC/f 0.246 0.223 W—9 FOR
a a VAR IOUS PROBE

CC 28.65 31.60 LOCATIONS
1 894.2 889 .4 (DE CAY METHOD)

CC/f 0.032 0 .036
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TABLE 3 . VARIATI ON IN FREQUENCY AND DAMPING AS A FUNCTION OF MEASUREMENT
LOCATION FOR THE TWO DIFFERENT DAMPING MEASUREMENT METHODS

PROBE NOT INSTALLED

END (SKETCH SHOWS TRANSDUCER WALL LOCATIONS)

\.~ 
I I

~~ 

I I

~;~ 

I ‘
~! 

~ ~

oC 31.37 30.39 30.2 30.5 27.19 32.30

f 143.3 142.9 143.0 142.7 141.2 144.2 
~ DECAY METHOD

cC/f 0.219 0.213 0.211 0.214 0.193 0.224

CC 27.65 28.59 33.60 28.27 65.60* 33.90

1 145.1 145.1 144.9 144.4 142.6 145.9 
~ ~~T~

0

~~~HOD
cC/f 0.191 0.197 0.232 0.196 0.460 0.232 

)
*Noise Re~’ponse
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Another comparison between methods can be obtained from the data
shown in Table 5. The data shown in this table were obtained with the
pressure transducer in the end plate , no probe installed , and al l  wal l
locations plugged with cap screws . Notice that damping increased with
pressure for the first mode but decreased with pressure for other modes.

TABLE 5 . DAMPING AND FREQUENCY MEASUREMENTS
USING TWO METHODS AT TWO PRESSURES*

Decay Method Ha l f  Power Poin ts  Method
ATM Press/End Meas ATM Press /End  Meas

f a/ f a a/f
o 0

143.3 31.37 0.219 145.4 27.96 0.192

364.3 21.49 0.059 369.9 23.88 0.065

878 .7  25.58 0 .029 891.3 2 9 . 2 2  0.033

1146.1 34.63 0.030 1162.7 38.01 0.033

Decay Method Ha l f  Powe r Poin ts  Method
300 ps ig  Press/End Meas 300 psig Press /End Meas

f a a/ f  f a/ fo 0

138.5 51.45 0.371 139.1 62 . 20 0 .447

373 .4 18.64 0.050 374.2 16.34 0.044

903.3 8.83 0.010 904.7 9.74 0.011

1178.0 22.88 0.019 1179.8 20.11 0.017

*All with no probe and 1/4—inch gap .

3. Attempt to Model a Cylinder

Because damping values were found to decrease with increasing
pressure for the higher frequency modes , an attempt was made to simp l i f y
the test configuration so that results could be more easil y interpreted.
1h~- variable gap on one end of the inert mode l was adjusted for a 0.0 inch
gap width. On the other end of the mode l , a p lastic spacer was machined
to fit into the gap to give a cy lindrical tube confi guration . Results
from the simple cy linder are shown in Table 6.
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TABLE 6. SIMPLE CYLINDER TEST RESULTS

First Longitudinal Mode Second Longitudinal Mode

0 psi f = 316 Hz f 626 Hz

a = 384 sec~~ a 305 sec 
1

300 ps i f 380 Hz f 658 Hz

a = 182 sec 
1 a = 98.9 sec

The results shown in Table 6 show that damp ing values are un-
realisticall y high for the cy linder configuration. The various small cracks
in the cylinder model were suspected to have caused the extra hi gh damp ing
values. Therefore, the cy li nder was mod i f i ed  by using 0—rings on each
side of the plastic spacer and by using a sealing putty (Cs) in all cracks.
The modified cy linder at 0 psi yielded the data shown below .

First Longitudional Mode Second Long itudinal Mode

f 296 Hz f 6O4 Hz

—1 — la = 71.9 sec 0 = 150 sec

The damp ing values were greatly reduced by the modifications made
to the original cy linder but the question of the effect of CS on the damp ing
was not ascertained. The plan to study a simple cylinder was abandoned
because of the high sensitivity of damping to small changes in the model
configuration . To study damping in a simp le cy l inder , a new model of clean
design and an uncoupled driver would be required.

4. Check on Linearity

Most of the tests were conducted with an 8 volt (rrns) input to
the driver. To evaluate whether measured values would be sensitive to
variation in the input power , damping and frequency measurements were made
with input levels of 2, 4, and 8 volts. The results are shown below :

Input Level Decay Method Half Power Method Frequency
(V) (sec~~ ) (sec~~

) ( Hz )

8 a=  84 a=  64 2 9 7 . 7

4 a= 83 0=78 29 .8

2 0=  84 a =  84 296.9
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Fi gure 6. Damping and Frequency for the 150 Hz Mode at 10 psi
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The test configuration used to obtain the data in the tabulation was the
simp le cylinder sealed with CS as previousl y described.

5. Initial Inert Model Baseline Data

The inert model was designed with an adjustable gap width so the
gap could be varied to approximate conditions in a live—propellant LAM at
various pressures. Several schemes were considered for comparing data
from the inert model with data from the LAM. For examp le , the gap con-
f i guration in a LAM as a function of pressure could be estimated from finite
element static pressure analyses. Then the variable gap in the inert model
could be adjusted to give an equal gap volume at the particular comparison
pressure . Another method was to adjus t the inert model gap to give the same
resonant frequency as that measured for a LAM at a p a r t i c ul a r  pressure .

To d e f i n i t e ly cha rac t e r i ze  the iner t  model , the f requency  and damping
were measured at gap widths of 0, 1/32 , 1/ 16 , 1/8 , 3/ 16 , and 1/4 inch for
the first 5 strong modes , (the 625 Hz mode was omitted) , at 10 psi and 300
psi chamber pressures. The results are shown in Figures 6 through 10 for
10 psi chamber pressure and in Figures Il through 15 for 300 psi chamber
pressure . The decay method was used to measure the damping factors.

B. LAM—179 TESTING

1. Thermal Tes t s

When a motor w i t h  l ive p rope l l an t  is p ressu r i zed  to  h ig h p ressu re
levels , care must be taken not to pressurize fast enough to cause dangerous
heating . To ensure safe heating rates , some temperature measurements were
made during pressurization through different sizes of orifices.

The motor  was p r e s su r i zed  w i t h  n i t r o g e n  gas t h r o u g h  a ho le  in the
heavy aft closure p late. A thermocoup le was taped to the grain near the
forward end of the LAM . An orifice of app rox ima te l y 0 . 0 12 — i n c h — d i a m e t e r
was partiall y blocked by inserting a wire of approximatel y 0.008—inch—diameter.
Using the partiall y blocked orifice , the motor was pressurized to 1400 psi
at a rate of less than 5 psi/sec. Initiall y, a temperature rise of 60 F
was measured. After the initial tempe rature increase , no further increase
was detected.

The orifice was then changed to give an unrestricted hole with an
approximate diameter of 0.010 inch . The new orifice allowed pressurization
to 1500 psi at a rate of approximately 9 psi/sec. The maximum temperature
increase for this pressurization was 180 F. Most of the temperature in-
crease occurred during pressurization from 0 to 250 psi with little tempera-
ture change being detected from 500 to 1500 psi.
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2. Mode Shapes and Natural Frequencies

LAM—179 was pressurized to 10 psi with nitrogen gas and acoustic
resonances we re found at 154, 378 , 631 , 858 , and 1096 Hz. Using the probe
system , the mode shapes were p lotted for all except the 631 Hz mode . The
631 Hz mode was weak and not well defined , as was the case with the inert
model at 625 Hz. The mode shape s are shown in Figures 16 through 19.

After the mode shapes were measured , the probe system was removed
and the forward end closure containing a pressure transducer was installed.
A frequency sweep was made and the transducer response was plotted using
an X—Y recorder. The results are shown in Figures 20 and 21. The value of
the voltage read on the voltmeter at each resonance peak is noted near the
peak on the p lots of Figures 20 and 21. Since the voltage is directl y pro-
portional to pressure , the voltage values can be considered to be normalized
pressures. The values of normalized pressure show the relative magnitudes
between peaks but give no indication of absolute pressure level with respect
to a known reference.

Comparing the LAM frequencies with the inert model frequencies ,
both measured at 10 psi and wi th  the iner t  model hav ing  a gap of 1/ 4—inch ,
shows good correlation between the two tests . For examp le , first mode fre-
quencies of 154 Hz for the LAN versus 151 Hz for the inert model ; second
mode frequencies of 378 Hz for the LAN compared with 371 Hz for the inert
mode l , etc., indicate that a 1/4—inch gap inert model nearly matches a LAM
with 10 psi pressure . This was surprising since finite element results
indicated a very small gap would occur in the LAM at 10 psi. However ,
closer examination of the LAM indicated an initial (0 pressure) gap of 0.10—
inch to 0.15—inch . The LAN ’s were constructed in a standard confi guration
which included a ny lon (or similar material ) netting in the dome cavity to
prevent dome sticking under ignition pressurization .

3. Mode Shapes and Frequencies Using Helium Gas

The original program plan called for the use of helium and nitrogen

~~ s mixtures to shift the acoustic natural frequencies w i t h  respect  to the
structural natural frequencies. Therefore , acoustic modes and frequencies
were studied with helium in the LAN . The LAM was pressurized to 100 psi
using helium and then depressurized to a level of 10 psi . With helium
in t he  motor , the f i rst mode occu rr ed at 250 Hz an d the seco nd mode at
611 Hz. The mode shape for the 250 Hz mode is shown in Figure 22.

At t h i s  po in t  in the t e s t i n g , the  dr ive r f a i l e d .  When the
driver was replaced and the LAM was again pressu r i zed  to 10 psi  wi th  h e l i u m ,
the 250 Hz mode had shifted to 340 Hz and the 611 Hz mode had shifted to
822 Hz. Apparentl y different amounts of residual nitrogen or air was
present in the LAM for the two tests. An attemp t was made to clear out
residual gases by pressurizing and depressurizing the LAM with helium four
t imes .  The f i r s t , seco n d , f ou r th , and f i f t h  modes were then found to occur
at frequencies of 406 , 978 , 2228 , and 2873 Hz , respectivel y. The correspond-
ing modes using nitrogen occurred at 154, 378 , 858 , and 1096 Hz. The ratio
of frequency with helium to frequency with nitrogen averaged 2.6.
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4. Damp ing and Frequency Measurem ents Using Nitrogen and Helium

The decay method was used to measure damp ing in LAN— 179 with dif-
ferent gas mixtures. To obtain a particular gas mixture , for examp le , 50
percent helium and 50 percent nitrogen , the LAN was p r e s s u r i z e d  t o  50 psi

using nitrogen and then from 50 to 100 psi using helium . The motor was
then blown down to 10 psi for testing . The frequency obtained using a

particular gas mixture probably provides a better indication of the actual

gas mixture that resulted from use of the above mixing procedur e - The
measured damp ing and frequency values are given below :

Nominal Gas Mixture

Mode l007,~~~ ~~~L~ 2~~2P’~ 
He 100% He

Damp ing (a) (see 1
)

154 Hz 43 67 109 133

378 Hz 59 77 75 — —

858 Hz 130 214 —— ——

1096 lI z 83 —— —— 290

Fre quency ( f )  (H z )

154 lIz 154 203 257 406

378 Hz 378 501 665 978

858 Hz 858 1131 —— 2228

1096 Hz 1096 —— —— 287 3

Data were omitted from the tabulations because the corresponding modes were

weak and the noisy data could not be reduced with confidence. In fact ,

the damp ing of values 130 and 290 in the tabulations are questionable

because of noisy data .

5. Damp ing and t reguency in LAN—l79 as a Function of Pressure

Using nitrogen to pressurize the LAM and the decay method to

reduce  the damp ing measurements , the damp ing and frequency were measured at

various pressures from 10 to 1500 p s i .  The results are shown in Table 7.
R e s u l t s  for  the  f i r s t  mode are p l o t t e d  in F igure  23.
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TABLE 7 . DAMPING AND FREQUENCY AS A FUN CTI ON OF
PRESSURE FOR LAM-179

—1 
______ _____ ____

Pressure ( p s i g)  
______ ______a(sec  )

Mode f ( H z) 10 300 500 900 1100 1200 1350 1500

154 Hz a 43 88 52 43 —— —— 2 7 . 6  27
f 154 136 125 116 —— —— 114 114

378 Hz a 59 49 74 —— —— 81 —— 37
f 378 353 330 332 —— 321 —— 324

858 Hz a 130 346 —— —— 112 —— —— ——
f 858 945 — — — —  621 — —  —— ——

1096 Hz a 83 217 —— —— —— —— —— ——
f 1096 1145 —— — — —— —— —— ——

As before , some modes were too weak to produce reliable data for some con-
ditions so that there are quite a few blank spaces in the table .

C. LAM—180 TESTING

Using nitrogen gas the first three prominent modes in LAM—180 were
che cked. Resonances were found at 161 , 386 , and 805 H z .  The 600 Hz mode
was either absent or very weak. The mode shapes were essentially the same
as those determined for LAN—l79 for frequencies of 154, 378 , and 858 Hz ,
respec tivel y. U s i n g  100 percent helium gas in the motor gave first and
second mode frequencies of 42 9 and 1018 Hz with approximatel y the same
shape as the previous first and second LAN modes.

Th e damp ing and frequency measurements as a function of pressure  appear
to contain a testing error because the trend is not in agreement with

previous test results. The main discrepancy is that frequency and damp ing
do no t change si gnifican tl y with pressure . The damping and frequency
measurements for LAM—l80 are given in Table 8. Only the first mode was
examined.

D. ADDITIONAL INERT MODEL TESTING

1. Additional Baseline Data

Af ter the LAM testing was comp leted , the inert model was again
tested to provide additional baseline data with better pressure resolution .
Tests were run to measure first mode frequency and damp ing as a function
of pressure for gap sizes of 0.0, 0 .18 , and 0 .49 inch . The results are
shown in Table 9.  The damp ing has also been plotted in Figure 24 along
with resul ts from LAM—l79 which were plotted for comparison . The difference
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between LAM damping and inert model damping was expected to increase mono—
tonicall y with increasing pressure . Figure 24 shows that the difference
between LAM and inert model damp ing does not increase monotonicall y.

TABLE 8. DAMPING AND FREQUENCY AS A FUNCTION OF
PRESSURE FOR LAN-18O

Pressure (psig) Frequency (f) (Hz) Damping (a) (sec~~ )

0 148 44
10 158 44

100 158 97
200 156 43
300 156 42
400 157 47
500 157 49
600 158 43
700 158 41
800 160 43
900 158 47

1000 158 42
1100 159 47
1200 158 46
1300 159 44
1400 159 49
1500 159 47

TABLE 9. ADDITIONAL FREQUENCY AND DAMPING DATA
FOR THE INERT MODEL

Gap = 0—Inch Gap 0.18—Inch Gap 0.49-Inch
Pressure

(p s i g) f(Hz) a(sec i) f(Hz) a(sec l) f(Hz) a (sec~~-)

0 187.2 2 8 . 7  151.0 31.6 124.1 31.6
10 190 . 1 30.2  150.9 36.0 123 .3  34 .3

100 189.4 36.2  145.2 35.9 12 1.2 49 .6
200 187.5 46.9 141.6 28.3 118.1 37.2
300 186.8 45 .4  140 .4 2 4 . 2  116.5 26 .9
400 186.4 51.4 139.4 20.3 115.6 21.6
500 185.0 56 .0  139.2 19.4 116.7 19.0
600 180.9 61.7 139.1 18.3 115.1 16.0
800 179.5 6 2 . 4  138.8 16.0 114.8 13.4

1000 177.9 59.0 139.2 15.8 115.1 11.2
1200 —— —— —— —— 115.8 10.7
1250 117.6 53 .4  139.5 15.5 —— — —

1300 —— —— —— —— 116.3 10.4
1400 —— —— —— — — 116.9 11.4
1440 —— —— —— —— 117.6 1 2 . 7
1500 176.3  56.1 141.5 1 5 . 2  —— ——
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2. Investigation of Speaker Coup ling

Because damp ing measurements  on the LAM ’ s and on the i ne r t  model
d id no t produce the expected results , consultant Dr. Fred Culick was asked
to exam ine the experimental set—up . Dr. Culick suggested trying a smaller
hole between driver and acoustic cavity and fastening the driver down
more firmly. The driver had previously been held in p lace by polyurethane
foam packed in the d r ive r  cavity.

A new end p la te  was f ab r i ca t ed  wi th  a 1/4-inch diameter hole
separating the driver c a v i t y  and the acous t i c  cav i ty .  Measurements  made
us ing  the  1/4—inch d iameter  hole are g iven in Table 10. The r e s u l t s  are
s i g n i f i c a n t ly d i f f e r e n t  than those obtained with the regular end plate with
a 1—3/8—inch  d iameter  ho l e .

TABLE 10. DAMPING AND FREQUENCY MEASUREMENTS MADE ON THE
INERT MODEL USING AN END PLATE WITH 1/4 —IN CH
DIAMETER HOLE (GAP = 0.49—INCH)

— lP re s su re  (p s ig )  Frequency f ( H z )  Damping a (sec

0 123.7  noisy (26 — 43 )
100 121 .4 45 .4
200 119.0 44.1
300 117.6 36.4
400 116.1 2 9 . 9 9
500 114.8 24 .36
600 114.2 21 .60
800 113.7 17.43

1000 113.8 15.78
1250 114.7 14.07
1450 116.2 14.74

Next , an end p late with a 1/16—inch diameter hole and a provision
for rig id l y mounting the driver , was fabricated. The endp late , complete
with new dr iver , was i n s t a l l e d  on the iner t  model. The pressure tests were
repeated and the results are shown in Table 11 and are p lotted in Figures
25 and 26.

Data in Tables 10 and 11 show t h a t  use of the  modified end plate
r e s u l t e d  in d r a s t i c a l ly d i f f e r e n t  response measu remen t s .  It thus appears
l i k e l y that a l l  data gathe r ed during this program are invalid. There is
no reason to accept  the d a t a  f rom the  las t  t e s t  (Table 11) as va l id  u n t i l
further studies show that the particular driver—end plate design yields
an uncoup led acoustic cavity response.
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TABLE 11 . DAMPING AND FREQUENCY MEASUREMENTS MADE ON THE
INERT MODEL USING A 1/16-INCH DIAMETER HOLE IN
THE END PLATE (GAP = 0.49 INCH)

Pressure (psig) Frequency £ (Hz) Damp ing a (sec~~~)

20 123.8 15.19
100 123.9 17.69
200 123.5 12.28 (n o i s y )
300 123.6 19.86
400 123.9 20 .91
500 124.2  2 2 . 6 9
600 124.9 23 .48
700 125.1 24.49
800 124.9 25.11

1000 125.5 21 .30
1200 127 .5  23.83
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SECTION V

PROPELLAN T DYNAMIC PROPERTIES DETERM I NATION

Task I I  of t h e  p r o g r a m  ca l l ed  for  a NAS TRAN ana lys is of the  LAN ’s.
The NASTRAN models included the propellant grain. It was necessary to
know the grain dynamic moduli to obtain a reasonable representation of the
vi scoelastic characteristics of the grain . A well established , reliable ,
accurate , and universall y acceptable method for measuring grain dynam ic
prop erti -s at frequencies up to 1000 Hz does not exist. The program p lan
stated thaL the Gottenberg torsional shear testing machine would be used
i f  a better method could not be found .

Various probl ems were experienced with the Gottenberg machine . To
provide data for t h e  program , stress relaxation data were converted to
dynamic moduli. This section discusses the efforts to obtain data from the
Cottenberg machine and presents the data obtained by converting relaxation
mod u I i

A. DYNAMIC tIODIIL1 FRO STRESS RELAXATION DATA

Tensile stress relaxation modulus values were converted to dynamic
-o d uli for the three prop ellants of interest , VRX—2 4 \‘SF—3 , and FKM . Two
d i f it- r e nt methods were used to do the conversion : (1) The power law
modulus assumpti on method , and ( 2 )  t h e  F o u r i e r  transform integral conversion
method. A m e m o r a n d u m  g i v i n g  comp let e details of the conversions is i n c l u d e d
—is Appendix A. The converted moduli are shown in Appendix A , Fi gures A—3
through A— S .

B. THE GOTTENBERC TORSIONAL SHEAR TESTING MAC;UNE

The apparat i s referred to as the Gottenberg Testing Machine is des-
cribed in a repor t by Gottenberg and Christensen (2 )  whe re it is re ferred
t o  as th e Hi gh Freq uency Appara tus. The apparatus was desi gned t o app ly
force d torsional oscillations to a righ t circular cy linder whose ends are
bonded to rig id boundaries. The apparat us was acquired by Herc ules from
Colorado University for use on this and other projects.

Variou s problems were experienced in attempting to use the testing
machine . The fact that the machine is cumbersome slowed the work to resolve
the p r o b l e m s . The machine and instrumentation must be caLibrated and

(2)
Gottenberg W. C. and Christensen , R. M . , On the Experimental Determina-
tion of the Comp lex Shear Modulus of a Linear Isotrop ic Viscoelastic
So l i d , 612I—6777—RU000 , EM 13—14 , Space Technology Laboratories. In c. ,
On Space Pork , Redondo Beach , C a l i f o r n ia , 1 June  1963.
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adju sted at each frequency using a steel specimen in p lace of propellant.
The machine must then be disassembled and then reassembled with propellan t
in p lace of the steel calibration samp le. It must there fore be disassembled
and reassembled twice for each different test freq uency. Another trouble-
some feature is that the waveform becomes extreme ly distorted at a certain
input leve l and the leve l at which the extreme distortion occurs must be
de termined at each test frequency. According to the machine desi gner , Dr.
-;ottenber ~~, tests should be run at a level below the distortion threshold.

When the various problems had apprentl y been overcome , the machine was
used to  m e a s u r e  the dynami c shear inoduli of VSF— 3 propellant at two different
frequencies. At a frequency of 250 Hz , the real part of the shear modulus
was measured to be 8566 psi. This compares with an approximate val ue of
2366 obtained by converting relaxation modulus data. The test results are
hig her than the estimated modulus value by a factor of 3.6 , but the estimate
could be inaccurate . Past experience with converting relaxation modulus
data to dynamic moduli indicates that only a moderate degree of accuracy
can be expected.

To evaluate the procedure and testing set—up currentl y being used
to obtain data with the Gottenberg machine , samp les of FKN propellant were
prepared and tested. FKM was selected because data from an earlier use of
the Gottenberg machine were available for comparison . Considerable con-
fidence was p laced in the earlier FKN data because a careful evaluation
indicated that measured values were quite reasonable. Dr. Gottenberg per-
sonall y assisted in the acquisition of the earlier FKII data approximatel y
6 years ago . At 250 Hz , the earlier FKM data shows a real shear modulus of
1550 psi. The current test program y ie lded a val ue of 2878 psi , still too
high by a factor of 1.86 . This result was fairl y encouraging because small
d i f f e r e n c e s  in the manufacture of FKM over 6 years time and lot—to—lot
variations could explain a large part of the difference . The corresponding
FKM modulus from converted relaxation data is 1400 psi.
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SECTI ON VI

STR UCTURAL DAMPIN G AND ACOUSTIC ANALYSES

The anal ysis work in this program was originall y directed toward
demonstrating the accuracy to which structural damp ing rates could be cal-
culated. In keep ing with the original objectives of the program , a NASTR AN
model of a LAN was constructed and analyzed. Because of problems being
experienced with the experimental work of Task I, the analysis effort was
expanded to include a rod—organ pipe model and methods of solution other
than NASTRAN .

Desoite the availability of general purpose dynamics codes that could
be ea s i l y adapted for structural damping calculations , relativel y littl e
effort has been expended in this area. The earl y experimental and analyti-
cal work of Ryan , Coates , and Baer~~

), experimental studies at Thiokol~
4) ,

and analytical work of Anderson ( 5) , comprise the published struct~ ral damp-
ing app lications in the solid rocket industry . The more recent and exten-
sive work of Anderson involved the app lication of a Hercules finite—element
code , developed originally for grain vibration studies , to the calculation
of acoustic modes and frequencies , as well as struc tural damp ing . The
NASTRAN code (6) can also be used for structural damping calculations with
little or no modification . In fact , any general purpose dynamics code
t h a t  cons ide r s  v i s c o u s  damp ing and has an eigenvalue cr frequency response
capability can be used for structural damp ing calculations. Fluid behavior
can be approximat d by assi gning solid elements a very low shear modulus
in comparison to the bulk modulus .

The code used by Anderson has overlapp ing tension and shear elements
to represent the grain and special fluid elements for the acoustic cavity.
The code solves only the frequency response problem. The damp ing exponent ,
a, is obtained from the ratio of the energy loss rate to the stored energy

i .e., a = 1/2 ~~~~. It is necessary to excite the acous tic cavity at a selected

~~~ R yan , N .  W . ,  Coa tes , R .  L . ,  & Baer , A.  D . ,  “P a r t i c i p a t i o n  of t h e  S o l i d
Phase  in the O~ c i 1 1a tory  Burning of Solid Rocke t Propellants ,” Ninth
Symposium (International) on Combustion , Academic Press , (1963).

~~~Stibor , C. S., Poseidon C3 First Stage Motor Acou stic Studies Simula-
tion and Anal ysis of Observed Static Test Phenomena, Report No. TWR—
4209 . T h i o k o l  C h e m i c a l  C o r p o r a t i o n / H e r c u l e s  I n c o r p o r a t e d  J o i n t  V e n t u r e ,
24 August 1970 .

~~~Andt’rson , J . M ., “Structura l Damping of Acoustic Csci llation s in Solid
P r ope l l a n t  R oc ke t  M o t o r s , ” Ei gh t h  JANNAF Combus t ion  M e e t i n g ,  CPIA
P u b l i c a t i o n  220 , November 1971.

~
6
~The NASTR A N User ’ s Manual , Leve l 16.0 , NASA SP—222(O3) , March 1976.
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node and perform a frequency sweep to achieve a re~ onant condition . Althoug h
the code does not use the Herrmann reformulation~~~ for Poisson ’s ratio near
0 .5 , acceptab le prope l l ant mode l i n g is stil l accomplished. (8)

The NASTRAN code has previousl y been used in combustion ins L~ b ilit y
s t u d i e s  to o b t a i n  a c o u s t i c  modes and f requenc ies  and/or component vibration
levels. However , in this program , the NASTRAN code was used as the primary
tool for  structural damp ing calculations. With the NASTRAN code it was
necessa ry  to model the gra in  wi th  3—D elements , even though a 2—D solution
was desired , because of the solid—fluid coup ling procedure used in the
formulation . The available versions of NASTRAN do not contain reformulated
grain e l e m e n t s .  Hercules  has ins ta l l ed  a r e f o r m u l a t e d  3—D element in to
their modified Level—15 version . The damping exponent obtained directl y
from the complex eigenvalue approach is generall y more desirable because
the  modes and f requenc ies  are obtained directl y, without need for a resonant
frequency search .

The LAM NASTRAN model was analyzed using both the frequency response
method and the e igenvalue  method to obtain a comparison . In a dd i t i o n  to
the LAM analyses , this section of the report covers acoustic cavity analyses
and the rod—organ pi pe study. The acoustic cavity analyses were conducted
to obta in natural frequencies and mode shape s for comparison with data
from the inert model. The rod—organ pipe stud y was conducted to confirm
previous analysis results and to provide a better understanding of the e f f e c t
of pressure  on structural damp ing. The rod—organ pipe model was also used
to hel p resolve differences between NASTRAN and the Hercules finite element
code .

A c lo sed—form anal y t i c a l  so lu t i on  was obtained for a damped rod—organ
p i pe model to r e f e r e e  a sub t l e  d i f f e re n c e  in behavior  p r e d i c t e d  by the two
f i n i t e  element  approaches .  The anal y t i c a l  so lu t i on  prov ided  s t r u c t u r a l
damp ing levels  cons i s t en t  with those of the NASTRAN and the H e r c u l e s  over-
lapp ing element codes. However , comp lex structural—acoustic coup l i ng
behavior with significant frequency shifts is predicted when fundamental
st r u c t u r a l  and a c o u s t i c  modes are in close p r o x i m i t y .  The two f i n i t e
element codes differ in t h e i r  a b i l i t y  to match the anal yticall y predicted
f r e q u e n c y  s h i f t s .  The over l app ing element code agrees better with the
anal ytical solution than NASTRAN , but both codes provide measurable fre-
quency errors.

~~~Herrmann , L. R ., “Elasticity Equations for Incompressible and Nearl y
Incompress ib le  M a t e r i a l s  b y a Variational Theorem ,” AIAA Journal 3 ,
No.  10 , 1965.

(8)
Anc ler so n J .  N . ,  & Christiansen , H. N ., “Behavior of the Finite Element
S t i f f n e s s  Method  fo r  Near l y Incompressible Materials ,” Sixth Annual
Meet ing  of the ICRPG Mechanical Behavior Working Group, 1967.
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A l l  ana l ysi s work  me n t i oned ab ove was performed under Task II of this
program. This report section describes the anal yses and presents the
results.

A . APP ROACH

1. LAN NASTRAN Mode l

A finite element model of a LAM was made to inc lude  both  gas
( f l u i d )  and g r a in  ( s o l i d)  e lements  for a n a l y s i s  using the hydroelastic
ana l ys i s capab i l i ty in NA STRAN . By us ing a complex eigenva l ue solution with
such a model , the damp ing factor (a) and n a t u r a l  f r equency  (f) can be deter-
mined for any of the natural modes. A computer p lot of the LAM mode l is
shown in Figure 27. The comp lete LAN was simulated by app lying symmetrical
boundary conditions to the 2 boundary surfaces of a 5—degree segment model.
Reformulated solid elements (CDUM) and fluid elements were used to represent
the grain and acoustic cavity respectivel y. The polyurethane foam surround-
ing the acoustic driver (speaker) was modeled as a low modulus material with
no acoustic cavity. The elements representing the gas in the acoustic
cavity are not shown in the figure . The gas elements have the same spacing
as t he grain elements and one gas element covers the distance from the
c e n t e r l i n e  to the g ra in  su r f ace . Not e  t ha t  the particular LAN model shown
in F i g u r e  27 has a smal l  dome c a v i t y  modeled  in the forward  end.

Orthotrop ic stiffness properties were used in the case model.
The c: , s e  t h i c k n e s s  used was 0 .08  inch in the cy l i n d r i c a l  s ec t i on  and case
d e n s i t y  was 1.9161 x i0~~ lb sec 2 / i n . 4 . P rope l l an t  d e n s i t y  used was 1.~~278
x lO~~ lb sec 2 / i n . 4 . Propellant stiffness for formulation VSF—3 at 154 Hz
was represented by a modulus of 6200 psi  (r ea l  par t  of the comp lex m o d u l u s )
and a loss tangent of 0.5323 (ratio of imaginary modulus to real modulus).
The corresponding Poisson ’s r a t i o  for the  p r o p e l l a n t  was 0.49898. For t h e
gas , (n i t r o g e n  at 10 psi g ) ,  a d e n s i t y  of 1.638 x iO~~ lb sec 2 / i n . 4 an d a
bulk modulus of 31.47 psi were used .  The val -u s g iven are typ ical ~“~d
some were varied between computer runs.

2.  Acous t i c  Cav i ty  Model

The acoustic cavity portion of the LAN model was used as a
separate model to represent the inert rigid—walled motor. Typ ical pro-
perties used were the same as those giveo for the nitrogen used in the LAN
mode l .  The d e n s i t y  and b u l k  m o d u l u s  were changed to represent different
pres su res  in the  c a v i t y .  The confi guration of the acoustic cavity model
was va r i ed  to r ep re sen t  no dome c a v i t y ,  a strai ght radial cavity (inert
model ) , and a curved cav i ty  ( L A M ) .  Onl y real eigenvalue analyses were
conducted  on the a c o u s t i c  cav i ty  model  because no damping was included in
the gas elements.
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3. Rod—Organ Pi pe Mode l

Previous structural damp ing studies have been based on a rod—
organ pipe model . (8 ,9) The rod—organ pipe model is a simp le one—dimensional
( l — D )  model t h a t  has the e s s e n t i a l  e lements  to s tud y s t r u c t u r a l  damp ing in
a s imp le form . The con f i g u r a t i o n  of the model used in t h i s  program is
shown in Fi gure 28.  The damp ing of interest occurs when the undamped gas
in the organ pipe is oscillating in a long itudinal mode and the heavil y
damped p r o p e l l a n t  rod is be ing  driven by the oscillating pressure app lie d
to the rod by the  gas at the rod — p ipe i n t e r f a c e .

In the current structural dampin g stud y ,  a comparison was
initiated between the NASTRAN and the Hercules overlapping element solutions .
In general , the two methods provided similar results. However , there were
disturbing differences in predicted resonant frequency shifts as the fluid
properties were varied to simulate different motor operating pressures. It
became evident that a referee was needed to establish the correct simula-
tion . The rod—organ p ipe problem was selected for stud y because of the
earlier work and because it is l—D and thus can be solved in closed form .
A solution comparison and parametric stud y for the rod—organ p ipe are
given below . The description of the rod—organ pipe anal ysis is a condensa-
tion of a more extensive report .(I0) The reference is included in this
report as Appendix B.

A schematic of the rod—organ p ipe is shown in Fi gure 28. The
organ p ipe has rig id walls except where it interfaces with the rod. The
rod is f i x e d  on the end oppos i te  the organ pi pe. For typ ical rocket motor
properties , the organ pipe will tend to resonate in closed—closed modes
because o f t he hi gh impedance of the rod .  The rod will tend to resonate
in f i x e d — f r e e  modes because  of the low impedance of the organ pipe.

A closed—form analytical solution was obtained for the rod—organ
pipe for assumptions of long, slender behavior (radial inertia is neg lected).
Physical behavior within the individual rod and organ pipe components is
assume d to be described by the following governing equations.

Con tinuity P~ ~ 
U

x 
( 1)

Dynamic S tate P c 2 (P +TPE
) (2)

Momentum P0 u ‘Px (3)

~~~McClure , F. T ., Hart , R. W ., & Bird , J. F., “Acoustic Resonance in
Solid Propellant Rockets ,” J. Appl. P~ ys ., Vol 31 , No. 5 , May 1960 .

( 10) . .
Peterson , N. L., Analysis of Rod—Organ Pipe Structural Damping Model,
Hercules Memo , Misc/6/2O—7482 , 14 June 1977.
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The assumptions are used that  particle velocities are zero on the external
ends of the coup led system , and that both pressure and particle velocity
are continuous at the coup ling interface . From these assumptions , the
characteristic equation for free oscillations in the coup led rod—organ
pipe is obtained in the form

K L  PKtan  ( 1 1) 1 1
tan ( K 2 L2 )  

+ 

P2
K
2

W-ia i (~ I)where K. = — e 2 = Y .  + IX.
-~ c . ’V’~T~ -~

_J 3

-1_ ~~~tan -j—_-~~:-- (4)

1/4
and v’i~T = ~(1_ai’.)

2 
+ w~r.)

2} for j = 1, 2 .
1 3 3

The comp lex wave numbers , Kj, create a computational difficulty
in the direct solution of Equations (4) due to their inclusion in the tri-
gonometric functions . The equation s may be transformed into the coup led
real equa tions

(-~~~. 
- f p~~~~~,

. COS ~f2 -~~1 + X2.sin -~~~~ -~~~~ -~~ ) = 0

and —x1 -4~~ {- .sin~~2j~-1 - X 2.cos 0

where 
- 

. 
s!~~~ 2X i~j  cosh (2X. + cos(2Y~ ) (5)

sin(2Yj)
c o s h ( 2 X ~ ) + cos(2Y~ ~

and 
- 

~~~~~

-

~~~~

- ~~ (j 1, 2)
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This system of equations was solved on a di gital computer using
a generalized Newton ’s method to find the values of u~ and a from initial
estimates input through an interactive control terminal.

The f i n i t e — e l e m e n t  solution s for the rod—organ pipe have radial
inertia. In the over lapp ing element solution , only “tension” elements
need to be used.  The organ p ipe is simulated in a pure l—D sense (no
r ad i a l  i n e r t i a )  and the rod has lumped radial inertia at its outer boundary
nodes. In the NASTRAN solution , some degree of radial inertia is present
in both the rod and organ pipe . The organ pipe was represented alternatel y
with NASTRAN using fluid and reformulated solid (CDUM ) elements.

Comparison solutions were obtained for the rod—organ pipe para-
meters given in Table 12. The basic grid networks for the NASTRAN and over-
lapp ing elenent solutions used 28 elements , 14 spaced axiall y in the rod
and 14 axiall y in the organ pipe. The element lengths were smallest near
the rod —organ pipe interface , and graduated as outiined in Table 12.
Typ ical propellant properties were used in the comp~ son . For one of the
NASTRAN solutions , the basic grid was refined by cut •~g the radial and
axial grid spacing in half.

TABLE 12. ROD-ORGAN PIPE PARAMETERS FOR
FINITE-ELEMENT SOLUTION COMPARISON

Length of rod , L 1 
( i n .)  = 9 . 5

Length of organ pipe , L
2 

( i n .)  = 9.5

Diameter (in.) = 2.0

Flu id  dens i t y  (p r e s s u r e) ,  = 1.638 x 10 ( 10) , 3.731 x 10
6 (500) ,

P
2
(P) ( p s i )  1.101 x ~~~~ ( 1500) , lbf sec 2/ i n . 4

F l u i d  speed of sound ( i n . / s e c )  = 13 ,860

Rod d e n s i t y ,  p1 
( lb f sec 2 / i n . 4 ) = 1.6275 x J O

Rod bulk modulus (psi) = 0.95 x 10
6

Rod tensile modulus (psi) = 6200

Rod tensile loss tangent ,L3 = 0.5323

Node axial locations away from = 0.1 , 0 . 3 , 0 .6 , 1.0 , 1.5 , 2 . 1 , 2 .8 ,
i n t e r f a c e  ( i n . )  3 .6 , 4 . 5 , 5 .5 , 6 .5 , 7 . 5 , 8 .5 , 9 . 5
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B. RESULTS AND COMPARISONS

1. LAN NASTRA N Model 
-

R e s u l t s  of the  LAM anal ysis  us ing  the  NASTRAN computer  program
are s ummarized  in Table 13. The nomencla ture  used in the t ab le  is l i s t e d
be low :

E ’ = Propellant storage modulus (p s i )

E” = Prope l lan t  loss modulus (psi)

= E”/E ’ propellant loss tangent

V = Poisson ’ s r a t io

2 . 4P = Mass density (lb sec tin . )

B = Gas bu lk  modulus (p s i )

f = Frequency (Hz)

a = S t r u c t u r a l  damp ing fac to r  (sec

S t r u c t u r a l  damping was determined b y the hydroelastic analysis
option in NASTRAN . This  approach ca l cu l a t e s  the comp lex ei genvalue solu-
tion for the coup led gas—solid acoustic oscillations . The imaginary part
o f the comp lex eigenvalue is the resonant angular frequency of the coup led
system , w h i l e the real part is the structural damping factor ,a.

Anal ys i s  r e s u l t s  of the LAM corresponding to three gas pressures
(n i t r o g e n  at 10 , 300 , and 1500 psig)  are shown in the f i r s t  three cases of
Table 13. In these analyses , a 0.16 inch forward flap gap opening at the
grain bore surface (Figure 27 )  was used for  all  three pressures .  The 0.16
inch gap observed in the unpressurized LAN was probably caused by thermal
s h r i n k a g e  d u r i n g  motor  cure and the ny lon webbing as previous ly discussed.
As the LAM is pressurized , the flexible case will grow radiall y and the flap
gap w i l l  tend to open up more.  The radia l  growth of the  LAM case and the
fo rward  f l a p  gap opening w i l l  increase the t o t a l  acoustic cavity volume
and th us chan ge the coup led acous t ic  f requency and s t r u c t u r a l  damping .
An ideal  way is to use the deformed LAN geometry for  f r equency  and struc-
tural damping calculations for each pressure load . For preliminary stud y
of the LAM model , the geometry was assumed to be the same for all pres-
sure levels. It should also be pointed out that in these three analyses ,
the complex eigenvalue output includes a rig id body motion mode and a
natura l mode for the speaker. These two modes were subsequently eliminated
by c o n s t r a i n i n g  the ax ia l  motion of the LAM and the motion of the speaker
to the a f t  c losure . Cases 4 and 5 in Table 13 show the results. Com-
parison of anal ytical results with experimental measurements is shown in
Figure 29. Frequency agreement is excellent , which indicates the LAN case
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growth  an d further flap gap opening as a result of pressurization are
sma l l .  The damping measurements  from the  LAM t e s t s  are the  t o t a l  damp ing
caused by bot h s t r u c t u r a l  damp ing and boundary layer  shear damp ing .  To
obtain the structural damp ing comparable to the NASTRAN results , the boundary
layer shear damping measured from the rigid—wall motor test must be sub-
tracted from the total damping. The difference in a shown in Figure 30
is there fore expected.

The dynamic modul i  of the p rope l lan t  used in the NASTRAN anal yses
were  t h e co nve r t ed da ta  calculated from tensile stress relaxation modulus
values. These data may differ from the dynamic moduli using the Got tenberg
torsional shear test. To assess the  e f f e c t  of 8 on f requency and struc-
tural damp ing, an analysis was performed using 13 = 0.3. Results shown in
case 6 indicates a frequency change of 2.2 percent and a structural damp ing
change of 3 7 . 2  percent. It i s appa ren t t h a t  structural damp ing is strong ly
affected by the  propellant dynamic moduli. The effect of the flap gap
opening  on f requency  and structural damping are shown in cases 7 and 8.
The f r e q u e n c y  drops o f f  as the  f l a p  gap opens up ,  w h i l e  the  s t r u c t u r a l
damp ing does not fo l low any d e f i n i t e  change p a t t e r n . Cases 9 th rough  12
show some real ei genvalue anal yses of the LAM.

2 . Acoust ic Cav i ty  Model

The a c o u s t ic cavity analysis results of the inert and LAM models
are shown in Table 14. The objective of this analysi& was to d e t e r m i n e
the  tes t  measurement  accuracy for  f requency and mode shape . R e s u l t s  of the
NASTRA N anal yses i nd i ca t e  tha t  measured f r equenc ie s  (v a l u e s  in parentheses)
are in good agreement w i t h  the analytical predictions . Figure 30 sh ows the
first longitudinal mode shape comparison between the measured and analytical
data. The measured data were normalized with respect to the maximum pres-
sure which occurred at the extreme radial location of the 1/4 inch gap .
The last case in Table 14 shows the acoustic cavity analysis result of the
LAN . I t  is i n t e r e s t i n g  to note the f i r s t  long i t u d i n a l  mode f r e q u e n c y  f rom
real  ei genvalue  ana l ys i s  is iden t ica l  to the  r e su l t  of a comp lex eigenvalue
ana l y s i s  (Case 1 in Table  13) .

3. Rod—Organ Pi pe Model

A summary of the finite—element solutions for the rod—organ p ipe
i s  g iven in Table  15. The p red ic ted  damn ing exponent , a ,  is seen to in-
crease with the gas pressure because the impedance match between the rod
and fluid improves. This behavior is consistent with the earlier work of
Anderson . The value s for frequency and damp ing exponent are in general
agreement , but there  are sub t l e  d i f f e r e n c e s  of importance . In p a r t i c u l a r ,
the p r e d i c t e d  f r equency  s h i f t  w i t h  pressure  var ies  w i t h  grid r e f i n e m e n t
and damp ing level (loss tangent , ~~) .
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The damping exponent and frequency for the  f i n i t e — e l e m e n t  solu-
t i o n s  are compared with the closed—form analytical solution in Figures 31
and 32. The damping exponent comparison as a function of fluid pressure
level (density) is quite favorable; whereas the frequency comparison is
less impressive . With norma l propellant damp ing , the analty ical and over-
la pping element solutions predict little frequency shift; whereas the
NASTRA N so lu t ions  indica te  a moderate increase in frequency. When the
rod loss tangent  is set to zero , NASTRA N p r ed i c t s  little frequency shift;
whe reas the ana ly t i c a l  and overlapping e lement  solutions predict a moderate
decrease in frequency.

A closed—form parameter stud y was conducted where the base values
for the rod and organ p ipe were as given in Table 16. The rod length  was
then  var ied  and the resulting effects on the decay and frequency parameter
c a l c u l a t e d  (see Fi gures 33 and 34) .

TABLE 16. BASE VALUES OF ROD-ORGAN PIPE PARAMETERS
FOR ANALYTICAL PARAMETER STUDY

Parameter Symbol Value

Density Ratio 10

Rod Length (in.) L
1 

10

Pipe Length (in.) L
2 10

Rod Sound Speed (ips) C
1 

6000

Pi pe Sound Speed (ips) C
2 12000

Damping Parameter 0.5

When the length of the rod is 2.5 inches , the uncoup led and un—
damped resonant frequencies of the rod and organ pipe fall on top of each
other. Thus , maximum dynamic partici pation (damping) of the rod is expected.
The greatest damp ing occurs for the smallest density ratio , where the
impedances are best matched . Influences of the second , third , and even
the fourth rod modes on the decay parameter are evident , though less impres-
sive than the fundamental.

The influence of the rod length on the (organ pipe) frequency
shift is somewhat involved. The greatest frequency shift occurs for the
lowest density ratio , as expected. A sinusoidal type behavior is predicted
to occur when the uncoup led rod frequencies fall near multiples of the
uncoup led organ pipe frequency. The steep nature of the frequency oscil—
lation near the first uncoup led resonance match is profound and somewhat
unexpected . The maximum deviation of the coup led gas resonance (funda—
mental mode) from the uncoup led value occurs when the uncoupled rod and
organ pi pe resonances are sli ghtl y removed from one another , rather than
when they are precisel y superimposed.
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For the basic finite—element comparison problem , the fundamental
(uncoup led) organ p ipe resonance is predicted to occur at 729 Hz , while
uncoup led (and undamped) rod resonances ~ -e predicted at 162 , 487 , and
812 Hz. Thus , the organ pi pe fundamental occurs between the second and
third rod modes. A larger disparity in finite—element solution results
could be expected if the rod were stiffened to cause a closer proximity
of uncoup led resonances.

The rod—organ pipe solution can be cas t in approximatel y dimen—
Sla )flless form through the use of the following parameters:

c
2 

L1
c1 L2

~ P2 
C

2 
C

2 ( 6 )
c 

— p1 c1 
2L2

the decay parameter , ~~ /4~~ is plott ed in Figure 35 as a function of the
similarity parameter , I’

~ 
for the condition of vary ing component lengths.

Sli ghtl y different values for the decay parameter were obtained near the
first rod resonance by vary ing the sound speeds rather than the lengths
(note dashed curves in Figure 35) ;  thus , r~ 

is not a t rue d imens ion less
pa rame te r .  O s c i l l a t o r y  b e h a v i o r  near  the  r e l a t i v e  resonant  f r e q u e n c i e s  of
the  rod in the  coup l ed s y stem is evident . The rod resonances occur at

= 1/2 , 3/2 , 5 /2 , e t c .  A l i m i t i n g  deca y va lue i s ap p roached a f ter  the
first three rod resonances are passed. The dimensionless frequency shift ,
Af /4’c ,  is shown in Figure  36. Extreme oscillatory behavior again occurs
near the  fundamen ta l  rod resonance .

C.  CONCLUS IONS

1. LAN NASTRAN Model

The NA STRAN hy d r o ela s t i c  anal yses pe r fo rmed  on the  LAM model
shown in Fi gure 27 appear to be adequate in predicting the gas—solid coup led
mode frequency. Howeve r , a direct comparison of the grain structural damp ing
factor between anal ytical and test data cannot be made because of the follow-
ing difficulties:

(a) The geometry difference between the live propellant
motor and the  rig id wa l l ed  model in the area of the
flapped dome . Theoreticall y, experimental measurement
of the structural damping factor can be obtained by
subtracting the boundary laye r shear damp ing measured
in a ri gid—wall motor from the total damping measured
in a live propellant motor , providing that the acoustic
cavity geometry in the two motors is identical. Anal yti-
cal results show the structural damping factor is
affected by the forward dome flap cavity.
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(b )  The degree of accuracy of the propellant dynamic moduli.
Prope l l an t  dynamic modu li converted from tensile stress
relaxation modulus values we re used in the NASTRAN
anal yses .  Past exper ience  w i t h  conve r t i ng  relaxation
modulus da ta to dynamic moduli indicates that only a
moderate degree of accuracy can be expected. Since the
structural damping factor is a strong function of the
propellant dynamic moduli , as shown in the NASTRAN
analyses , accurate dynamic moduli should be used.

(c) The finite—element grid spacing . Frequency and struc-
tural damping factor are affected by the finite—element
grid spacing. A study of the rod—organ pipe model
showed the  coup led gas mode frequency decreased by
2.2 percent  and the s t r u c t u r a l  damping increased by
9 . 5  percent  as the number of the solid elements was
increased f rom 14 to 88. Stud y of the  gr id  refinement
in the  LAN model was not conducted because of the
requ i red  long computer  t ime . The f i n i t e— e l e m e n t  g r i d
shown in Fi gure 27 c o n s i s t s  of 303 gr id po in t s , 29
fluid elements , and 125 solid elements. A typical
computer run for hydroelastic ana lysis requires about
65 m i n u t e s  CPU t ime on an IBM 370 —155 compute r .

2 .  Acous t i c  Cav i t y  Model

The NASTRA N anal yses of the ri gid—wall model using the real eigen—
value option are in good agreement w i th  the measured f r equenc ie s  and mode
shapes .  The mode shape agreed better with the pressure transducer data
t han  d id the probe m e a s u r e m e n t s .  The a n a l y si s  p r ed ic t ed  a constant fre-
quency for all pressure levels (speed of sound maintained as a constant)
which agreed with the modified test results shown in Figure 26.

3. Rod—Organ Pi pe Model

Predicted values of the decay exponent ,~~, agreed reasonably well
for the cases studied. However , calculated shifts in acoustic frequency
were disturbingl y different as the gas d e n s i t y  was increased w h i l e  main-
taining a constant speed of sound (pressure effect). The overlapping
element method agreed better with the analyti cal solution than did the
NA STRAN . However , this better agreement may be r e l ated t o the more direct
simulation of the rod—organ pipe with the overlapp ing element program ,
because of Its simp ler element forms . This program comparison may not
extend into more comp lex rocke t motor simulations.

The anal ytical rod—organ pipe solution full y supports the
presence of high structural damping levels in structural—acoustic systems
as predicted previousl y by Anderson .(8) However , the coupled behavior is
complex when uncoup led acoustic and structura l resonances are in c l ose
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1

proximity. Significant frequency shifts can occur in addition to high
va lues of s t r u c t u r a l damp ing , for t y p i c a l  values of the  p rope l l an t  tensile
loss t ange n t .  The level  of s t r u c t u r a l  damping is almost d i r ec t ly pro-
p o r t i o n a l  to the motor  opera t ing  pressure , assuming a f ixed  motor configura-
tion . This occurs because of the better impedance match between the grain
and gas with increased gas density.

A detailed parameter study was performed with the analytical rod-
organ p ipe solutieo . This stud y provides a comprehensive understanding
o f coup led behavi ar in s t r u c t u r a l — a c o u s t i c  systems w i t h  s t r u c t u r a l  damp ing .
Si g n i f i c a n t  dynamic  i n t e r a c t i o n  is p red ic t ed  when s t r u c t u r a l  and acous t i c
modes are in close proximity, even for typ ical (high) values of the propel-
lant tensile loss tangent.
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SECTION V I I

RECOMMENDATIONS FOR FURTHER STUDY

Because of problems discussed in previous sections , this program could
not be successfull y comp leted as it was orig inall y scheduled and bud geted .
The ma in prob lem en coun tered was th e unexpected response of the motors as
a function of pressure . Testing in the later stages of t he  program showed
that an improved driver confi guration could possibl y solve the problem .
Sufficient data are not available at the present t ime to establish that
any particular driver configuration is satisfactory . Some additional
experimentation will be required to obtain a satisfactory driver configura—
tion. This experimentation must be performed before evaluation of existing
da ta  or acqu i s i t ion  of add i t iona l  data w i l l  be meaning f u l .  When an adequa t e
driver configuration has been established new structural damp ing measure-
ments will have to- be made . Use of a very simp le model for initial struc-
tural damping measurements is recommended so that damp ing caused by cracks ,
gaps , and other geometric irregularities will not be an important factor.

Problems w i t h  the a n a l y t i c a l  portion of the program (Task II), were
caused mainl y by the lack of agreement between different analysis techni ques
for calculating structural damping . The comp lex eigenvalue solutions
obta in ed by u s i n g  the  NASTRAN code show some frequency shift with increas-
ing pressure ; whereas frequency response solutions obtained using the
Hercules Potential Energy computer program show essentiall y no frequency
shift with increasing pressure. A rod—organ pipe model closed form solu-
tion was obtained to provide an independent estimate of frequency dependence
on p r e s s u r e  level .

The c losed form solutions show a small frequency shift with increasing
pressure. Increasing the grid refinement in the rod portion of the NASTRA N
mode l has been f oun d to y ield a s i g n i f i c a n t ly sma l l e r  f r e q u e n c y  s h i f t  than
the ori ginal model. This result , which shows good agreement with the closed
lorm so l u t i o n , ind ica t es that a stud y should be made to determine the
degree of grid refinement required to obtain acceptable accuracy using the
NASTRAN comp l ex ei genvalue ana lys i s .

Various problems have been experienced with use of the Gottenberg
dynamic shear modulus tester. Modulus values obtained from the tests are’
cons iste n t l y h i gher  t han  expec t ed .  Recent  t e s t  va lue s have been compared
w i t h  relaxation modulus data converted to dynamic moduli and with data
ob ta ined  f rom the Got tenberg  apparatus during the previous test program .
Based on the experience gained to date on measurement of propellant
dynamic moduli , it is suggested that  f u r t h e r  work is necessary in this area
for the design , fabrication , and verification of a dynamic modulus meas-
uring instrument , applicable to conditions of interest for solid rocket
prope l l an t s .
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SECTION VII I

SUMMARY AND CONCLUSI ON S

A. TASK I

All of the experimental work in the program was performed under Task I.
The program p lan outlined a series of tests to be performed on each of two
LAN ’s and an in e r t  model. Because preliminary results were not as expected ,
the experimental task was expanded to study apparent discrepancies and con-
siderabl y more testing was performed than originall y p lanned.

Acoustic mode shapes and frequencies have been measured successfull y
in the  pas t  at Hercules during various programs . However , this program
represe n t s  the  f i r s t  a t t e m p t  to measure the damp ing associated with an
acous t ic wa ve in a cavity. The mode shape and frequency measurements made
on t h e  LAN ’s and on the  in e r t  model were successful and were in good agree-
ment with analytical (NASTRAN) results. The damp ing measurements were not
considered to be successful.

Initiall y, damp ing measurements were hampered by small details that
were a p p a r e n t l y u n i m p o r t a n t in making mode shape and natural frequency
d e t e r m in a t i ons . Th e damp ing was found to vary significantl y with changes
in  the  w i d t h  of the  s i m u l a t e d  dome c a v i t y  gap .  Whe n a p lastic spacer was
i n s t a l l e d  in an effort to convert the inert model into a CV lin ~~a r , sm a l l
cracks around the spacer were found to greatl y change meosured . amp ing
values. Another problem with the measured damp ing was the unexpe cta -d
mea sa ira d trend of clamp ing as a function of pressure - These un - xpected
dr m m~a i n g — p r e s s u r a - t C a f l d S  were r e s p o n s i b l e  fo r  i n i t i a t i n g  a studs- a~~1 p a a s s l h l e
p r o b l e m s  W 1 L .  t a s t  t e c h n i q u e s .

Near the end of the experimental work , some significant changes in
t h~ test set-alp were made . The hole between the drive r and the acoustic
cavi ty was reduced in diameter from 1—3/ 8 inches  to  1/ 16 inch in an effort
to uncoup le t h e  acoustic cavity from the driver cavity, in addition , the
driver was mounted rigidl y rather than being supported by compressed
pol yurethane foam . These changes resulted in a completel y different trend
of measured damp ing as a function of pressure .

The following conclusions can be drawn as a r e s u l t  of the Task I work :

( 1)  Present test methods are sufficient to determine acoustic
mode shapes and natural frequencies.

(2 )  Sma l l  gaps and cracks and other geometric details can have
a large affect on damp ing measurements.
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(3) The drive r confi guration must be designe~ with care in order
to obta in a respons e of the acoustic cavity that is not
i n f l u e n c e d  b y coupl ing  between the driver and the acoustic
cavity. The final driver configuration used in the testing
program was found to produce significantl y different results
from previous configurations but has not been shown to
produce satisfactory results. Additional stud y would be
required to obtain a driver design that could be recommended
for future damp ing meastirements in an acoustic cavity.

B . TASK II

Original plans called for analyses to be performe d for the same condi-
tions that were used in corresponding tests so that comparisons could be
made between test and analysis results . Initial analyses were conducted on
the LAN motor using test conditions . Calculated natural frequencies and
mode shapes were found to be in good agreement with test data. However ,
calculated damp ing values were not in good agreement with measured values
and , furthermore , trends of damp ing and frequency as a function of pressure
were not in agreement with expectations. The expected trends were estab-
lished from previous anal ysis work on other programs .

Because of the unexpected trends obtained , the anal ysis task was
diverted from original objectives , and anal yses were performed to verif y
pre v ious ana l ys is r e s u l t s .  Anal yses  p rev ious l y per formed on a s imp le
(rod— organ pipe) model using a Hercules overlapp ing element finite—elemen t
program were repeated and results were compared with corresponding NASTRA N
analysis results. The Hercules program showed a nearly constant natural
frequency as a function of pressure whereas NASTRAN predic ted a decrease
in f requency  w i t h  i nc rea s ing  pressure . To a s s i s t  in ev a l u a t i o n  of the
results from the two different finite element programs , an analytical
(closed form) solution was obtained for the damped rod—organ p ipe model.

Using the rod—organ pipe model , predicted values of the decay exponent ,
a, agreed reasonabl y well for the cases studied. However , calculated
shifts in acoustic frequency were disturbing ly different as the gas density
was increased while maintaining a constant speed of sound (pressure effect).
The overlapping element method agreed better with the anal ytical solution
than did NASTRAN . This better agreement , however , may be related to the
r are direct simulation of the rod—organ pipe with the overlapp ing element
;I ag r. Im because of its simp ler element forms . The program comparison may
i t  carry over into more comp lex rocket motor simulations.

The anal ytical rod—organ pipe solution full y supports the presence of
hi~ h structural damp ing levels in structural—acoustic systems as predicted
previousl y by Anderson . However , the coup led behavior is comp lex when un—
C aup l a a l  acous t ic  and structural resonances are in close proximity. Signifi—
caut ra-quency shifts can occur in addition to high values of structural
lamp ing for typ ical values of the propellant tensile loss tangent. The
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leve l of structural damping is almost directl y proportiona l to the motor
operating pressure , assuming a fixed motor configuration . This occurs
because of the better impedance match between the grain and gas with in-
creased gas density.

A detailed parameter stud y was performed with the anal ytical rod—
organ p ipe solution . This stud y provides a comprehensive understanding of
coup led behavior in structural—acoustic systems with structural damping.
A significant amount of dynamic interaction is predicted when structural
and acoustic modes are in close proximity, even for typ ical (high) values
of the propellant tensile loss tangent.

A study of the rod—organ pipe model using NASTRA N indicated that
si gnificant changes in model response occurred when the grid refinement
was changed. An optimum grid refinement was not determined. A study
should be performed to determine guidelines for adequate grid refinement
for such analysis.
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APPENDI X A

DYNAMIC MODULUS VALUES FOR VRA-7 , VRX-2 . VSF-3

AND FKN PROPELLAN TS

Memo from S. W. Beckwith to F. R. Jensen

dated 3 December 1976
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Hercules Incorporated
Bacchus Works
Magna, U tah

3 December 1976

TO: F. R. Jensen

FROM: S. W. Beckwith

SUBJECT : DYNAMIC MODULUS VALUES FOR VRA-7 , VRX-2, VSF-3 , and FKM
PROPELLANTS

INTRODUCTION

The prediction of motor structural damping characteristics by
analysis requires the dynamic :noduli (E ’ ,E”) for a given propellant system.
Tests are currently underway to generate measured dynamic shear modeli
(G t ,G~I) using the Goctenberg torsional shear apparatus. In the absence of
available exper imental measurements one is forced to rely on 1inea~~, visco-
elastic interconversion techniques to provide engineering values for early
analysis. This memorandum surimarizes the dynamic tensile moduli (E’,E”)
over the range of frequencies (w) of interest using stress relaxation data
(1~ strain) converted by (I) Power Law Modulus assumption , and (2) Fourier
transform integral conversion.

POWER LAW MO DULUS CONVERSION

Most propellants can be represented by the power law m odel over
a wide range of time scale in the following form.

E( t) = E~ ÷ E1 ~~~ (1)

where E~, long time equilibrium modulus

E1,n a material constant s

The value of E~ is esti’rated from a master stress relaxation curve at the
long t imes (s-~v ~~~ to ij

ô seconds). The difference , E(t)-E~ is p lotted
against t ime , t , on log-log paper. The correct value of E~ will lead to a
line-a r curve from which the ~‘al ues of El (taken at ~ 

a 1) and n (slope of
line) ~eay be determined. This procedure was followed and the constants
deter mined for VRA-7, VR.X-2, VSF-3 , and Ft~4 propellants as shown in Table
A—I . One may check the fit by calculati ng distinct points on the master
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From : S. W. Beckwith - 2 -

stress relaxation curve. In all cases the fit was within ~ few percent
except at very short times (less chan i0 5 sec). However , this is impor-
tant in that short times represent higher frequencies where the deviation ,
after conversion may be important .

With the power law constant s (Em , E1, and n) we may now cal-
culate the dynamic tensile moduli (E’,E”) using the following relation-
ships der ived by linear , viscoelasticity assumptions ,

E’~w) = E~ + E1 r(l-n) ~n cos (2)

E”(w) = El F(l-n) w~ sin (3)

~LThIIT T 

- 

(4)

where r = gama func tion

w frequency (Hz)

~LThIIT = phase angle in radians

This conversion works very well for the long time , low f re gue~~~ range but
does not represent short times (high frequency) because of the divergent
E1 t~~’ term . One typically needs the creep compliance power law for the
short time range ,

D( t) = + D1tn (5)

where D0 a short time (glassy) compliance

D1,n a material cons tan ts

Using this set of models (equat ions 1 and 5), the low freq uencies ar e
modeled by the modulus representation and the high frequencies by the
compliance representation ,

a. D’(w) — D0 + D1 r(l+n) w T
~ cos (6)

D”(u~) = D1 r-(l+n) ~ —n sin (7)

where the terms are as described earlier.
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From: S. W. Beckwith - 3

STRESS RELAXATION MODULUS COVERS ION - FOURIER TRANSFORMS

The seccnd approach was to use Hercules cdmputer program 62501
which converts stress relaxation data to dynamic tensile moduli (E ’,E11) .

The dynamic moduli are expressed in terms of the relaxation
modulus in the form

= u~
’ E(t) sin wt dt (8)

E”(w) = wS E(t) cos wt dt - (9)

frorm which the integrals are evaluated by numerical procedures. The repre-
sentation of E’ usually is smooth while that for E” often shows some numer-
ical oscillations .

PROPELLAIIT RESULTS

The dynamic tensile moduli (E ’,E”) for VRA-7 , VRX-2, VSF-3 ,
and FKN propellant s are shown in the attached figures. Table A— Il gives
power law equations and the limit phase angle for the same propellants.
The following observations can be made from the data:

1. Both VRA-7 and VRX-2 , ~U~DB propellants , exhibit little visco-
elastic behavior as evidet-iced by the low value of n(.098 to
.116), whereas FKM (~MDB propellant) is intermediate (n = .215),
and VSF-3 (HTPB propellant) is high (n = .281).

2. Better agreement between the two conversion methods exists
when the time dependence is weak as shown by VRA-7 and VRX-2.

3. In all cases the conversion methods agree better in the low
frequency range as we noted they would earlier . Compliance
da ta wou ld probably fit better at the high frequencies but
is not available.

4. The loss modulus , E”, exhibits considerable numerical oscil-
lation a t low f req uencies and , in the case of VRA-7 , diverges
abou t io~ cycles (Hz) .

5. For analysis purposes. one should use the converted relaxa-
tion modulus curves (E’) and a smooth curve through the cor-
respond ing loss modulus (E”) curve.

6. If one must work v~th dynamic shear moduli , then the dynamic
tensile mnoduli values must be divided by 3,
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TABLE A-I . POWER LAW COEFFICI~~ITS FOR

E —

Propellant I12.~ ~c= (psi) _i1_.

VRA-7 ~U..DB 300 419 .098

VRX-2 XLDB 300 280 .116

VSF-3 HTPB 50 738 .281

FKM Q4DB 
- 

400 769 .215

TABLE A-Il. POWER LAW COEFFICIENTS FOR

DYNAMIC MODULU S

Propellant E’ E” 
— ~LINIT

VRA-7 300 + 442 w~
098 68.6 .154

VRX-2 300 + 298 549 w.1l6 .182

VSF-3 50 + 847 400 W~’28l .441

FKM 400 + 858 ~.2l5 301 w-2’5 .338
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APPENDIX B

ANALYSIS OF ROD -ORGAN PIPE STRIETUR AL
DAMPING MODEL

Memo: N. L. Peterson to J. M. Anderson , Hercules Incorpora ted ,
Bacchus Works , Magna , Utah, 14 June 1977.
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Hercules Incorporated
Bacchus Works
Magna, Utah

14 June 1977

In Reply Refer to:
Misc/6/20-7482

TO: J. M. Anderson

FROM: N. L. Peterson

SUBJECT: ANALYSIS OF ROD-ORGANPIPE STRUCTURAL DAMPING MODEL

SUMMARY OF RESULTS AND CONCLUSIONS

A study was performed to referee differences between NASTRAN and
Hercules potential energy (FE) program calculations of eigenvalues for an
acoustically coupled viscoelastic rod and organpipe . Predicted values of
the damping parame ter , a, agreed reasonably well for the few cases studied.
Previous structural damping predictions showing moderately high a are also
supported by the analytical solution, but there were complex differences
between the calculations of frequency shift with pressure.

For an undamped rod the analytical procedure predicts a 3.2%
frequency decrease from a base value of 730 Hertz at ambient to 707 Hertz
at 1500 psi; the PE predicts a 4.77. shift and NASTR.AN predicts no shift
over the same range of pressure . All of the procedures predicted roughly
comparable increases of frequency from their undamped condition , for an
increase of the damping coeff icient ~ from 0 to 0.5323. Ac 15 psi there is
general agreement that the shift with increasing ~ is small. At 1500 psi
the net analytical frequency shift due to damping and increased pressure is
0.7% above the ambient value. The net increase percentages for the PE and
NASTRAN procedures are respectively 0.27. and 3.37.. Thus, the FE prediction
again agrees better than NASTR.AN with the analytical solution.

The better agreement between the analyt ical and PE solutions ,than
with that of NASTRAN , may be for tuitous , considering all of the parameters
involved. Neither of the finite element programs directly enforce conti-
nuity of pressure at the RO interface, as the analytical method does, but
this condition may fall into place more effectively in the PE program due
to its simpler approximation procedures for l-D problems.

NASTRAN calculations were performed with several solution rou-
t ines and using both the FLUID and reformulated (for Poisson ratio nearly
0.5) C~ JM elements. The insensitivity of frequency to a pressure increase
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therefore appears to be related to the reformulated element , rather than the
method of solution.

The analytical procedure is computationally fast , so it was used
to perform a more detailed study of eigenvalue variation with RO physical
variables. A dimensional stud y of the results and the characteristic equa-
tion used to obtain them , ultimately led to a reduction of seven physical
variables to essentially three nondimensional variables and a semianalytical
solution for eigenvalues. This formulation displays coupling characteris-
tics that may be extended to a rationale of the more general structural
damping problem . The rationale permits grouping of problems , according to
values of the nondimensional parameters, as a simple or a complex problem .
Thus, solutions approach a constant value in the RO, when the uncoupled gas
organpipe frequency is 3 or 4 times that of the rod and their characteristic
impedances are not closely matched. This result is of practical importance
in motor design because it permits very simple preliminary estimates of
structural damping.

The parametric study showed that both damping and frequency may
increase or decrease by increasing B from its nominal value, according the
relative magnitude of the uncoupled frequencies of the rod and organpipe.
This result was predicted by Anderson in his structural damping paper (8th
JANNAF Combustion Meeting , CPIA Publication 220, November 1971).

The parametric study also showed that a large shift of the
operating frequency may occur as the result of certain combinations of the
physical variables. Maximum shift occurs when the uncoupled fundamental
frequencies, without damping , are slightly separated . Anderson ’s struc-
tural damping analysis did not disclose this fact , and incorrectly con-
cluded that damping suppresses frequency shift , because he only studied the
case where these uncoupled frequencies were identical. The analytical pro-
cedure predicts a minimum shift for this case.

The parametric and dimensional similarity studies have disclosed
and simplified a broad range of behavioral characteristics in structural
damping. Valuable guidelines for future structural damping studies are con-
tained in the results. The conclusions drawn are important and merit con-
firmation by independent procedures.
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NOMENCLATURE

~~

‘ 
~~ ‘ Rod-organpipe eigenvector subfunctions

DO Disk-organpipe

F Force per unit mass; eigenvalue vector

G Characteristic matrix

H Rod-organpipe eigenvector subfunct ion

Acoustic intensity

J Jacobian of characteristic matrix

K Complex wave number

L Rod or organpipe length

M Zener model modulus parameter

p Total acoustic wave pressure

R Acoustic wave number subfunction

RO Rod-organpipe

U Acoustic velocity amplitude

V Phase velocity

X Oscillatory displacement amplitude; imaginary
part of complex wave number

Y Real part of complex wave number

B—4
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N OMENCLATU RE

e Base of Napieriam logarithms

f Acoustic cycle frequency; force parameter

i Imaginary unit

j RO component index

k Spr ing sti ffness , real wave number

Hypothetical undamped wave number (w/C)

m Mass

n Mode number

p Pressure

r Ratio of characteristic impedances , dashpo t
damping parameter

s Complex eigenvalue of discrete system

t Time

u Acoustic velocity

x distance
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NOMEN CLATURE

F Nondimensional frequency variable

Small variat ion

B Acoustic characteristic subfunction

Acoustic decay parameter; acoustic transmission
deficient

Structural damping

e Acoustic strain

Acoustic damping parameter

Real wave number

Acoustic displacement

ii 3.14l59••”

p Density

Total structural wave stress

Eigenvalue perturbation function

x Acoustic characteristic subfunction

0 Complex acoustic eigenvalue

Dynamic stress

Relaxation time

Acoustic phase angle

w Aco ustic radian frequency
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NOMENCLATURE

SUBSCRIPTS*

1 Acoustic variable in viscoelastic rod ; first mode ; first
component of acoustic characteristic matrix .

2 Acoustic variable in organ pipe gas

c Coup led condition

j Rod-organ pipe component variable index

o Steady state value ; amplitude ; current eigen value estimate

f Partial derivative with respect to frequency

~ ,~th mode

N Undamped free oscilla tion

p Phase

t Partial derivative with respect to tune ; disp lacement
parameter

x Partial derivative with respect to distance

a Partia l derivative with respect to decay coefficient

1+ Incident wave

1- Reflected wave

2+ Transmitted wave

SUPERSCRI PTS

R Real

I Imaginary

Overhead dot implies total time derivative .

* Unsubscr ipted variable such as p, u , ~~~, C, 
~ 
are acoustic

perturbations of steady values.

B— 7

—— — - - ~~~ - - - - - -  ~~~~~~~~~~~~~ — - - - ~~~ - - ~~



INTRODUCTION

Calculations of acoustic frequencies and loss parameters for
structural damping have been performed with the NASTRAN and potential
energy (PE) computer programs in support of the AFE.PL structural damping
contract . Apparent differences between the results using two types of
NASTRAN elements and the PE element s occurred and could not be readily
resolved. One of the configurations studied was that of a viscoelastic rod
that is acousticall y coupled with an organpipe. The coupled combination is
called the rod-organpipe (RO).

The objectives in this study were to develop a closed-form analytical
model of the RO acoustic behavior; app ly it as a referee of the computer
programs ; and then appl y the model in a parametric study of structura l
damping . The latter stud y was intended as a cost effective means to help
understand the dependence of acoustic coupling , decay , and frequency shift
on the geometry and material properties of the RO model.

The RO configuration was acoustically modeled by Prof. F.E.C. Culick
of California Institute of Technology with coupled analytical characteristic
equations . The model is one-dimensional (l-D) and uses the tensile modulus
to specify undamped sonic speed in the solid . This model was programmed for
calculation on the Bacchus computer.

The program initially failed to obtain a solution so a review of the
model and program was undertaken. An interpretive sign error was found and
the coupled characteristic equations were found to have large irregularities
close to their zeros. These irregularities caused confusion in the search
for the solutions .

The sign error was corrected and the characteristic equations were
algebraically transformed into more suitable forms . Several aspects of the
mode l were also modified to obtain a more direct representat ion of the
governing equations by the wave equation. A generalized ~~~~~~~~~~~~ method was
also formulated to solve the characterist’c equations so that the model
could be programmed for machine search of solutions on an ITF terminal.

Many of the features of the coupled RO configuration are also con-
tained in its uncoupled components and in a simple wave guide with an
abrupt change of acoustic characteristics. Other feathers are analogous
to a simple discrete spring-mass-dashpot system. Analyses of several rele-
vant systems that help explain the RO behavior are outlined in the subapp~ n—
dices , with some discussion pertinent to that behavior. However , the
primary intention is that the outlines serve as a basis for technical
argument and achievement of a common understanding among those interested .
A preliminary revi lw of the appendices mi ght be helpful to those interested
in stud ying the report in detail.

COMPARISON OF FINITE ELF24ENT AND ANALYTICAL RESULTS

A schematic diagram of the coup led RO configuration is shown in
Figure B—i . For simp li city in this stud y, damp ing was considered to be en-
tirel y within the viscoelastic rod , but the analyses can easily be modified
to account for internal damping in the organpipe . The analytical model was
programmed on ITF and was used for comparison with the NASTRAN and PE
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program calculations of acoustic behavior . The finite element calculations
with 10, 500 , and 1500 psig gas pressure in the organpipe are listed in
Table B—I. Results of the comparison of predicted acoustic damp ing and fre-
quency variations with pressure are , plotted in Figures B—2 and B— 3 .

Predictions of the acoustic decay parameter , a-, by all of the programs
are in reasonable agreement with a small , but possibly important , difference
at the 1500 psi pressure condition. At this condition there is about 12 sec 1

spread in the finite element predictions for a- , but the analytical prediction
is about 24 sec 1- above their average . A reason for this difference has not
been conclusively de termined , but it may be associated with fundamental in-
adequacy of disp lacement-type finite element procedures. This inadequacy will
be discussed after comparison of the frequency predictions of the severa l
procedures. Overall , the level of agreement shown in Figure B—2 is encourag ing .

Predictions of resonant frequency shifts with pressure , shown in
Figure B—3 for the several computationa l procedures , are not in as good agree-
ment as those for damping . The temptation might exist to disregard differ-
ences between the several predict ions because the shif t  is only about l07~ of
the frequency or less , and its effect appears to be less important than
damping . However , as will be shown later in the parameter study , there are
s i tuat ions  where a small frequency shift causes a significant change in the
decay parameter.

In Figure B—3 , the several predictions have a common frequency near zero
pressur e, which is the uncoupled organpipe fundamental frequency. This is
because , at very low press ures , the more dense propellant acts as a hard wall
to the gas. As the pressure in the organpipe is increased , the character-
istic impedance (product of density and sound speed) of the gas becomes more
nearly equal to that of the rod. The result is greater acoustic coupling
between the organpipe and the rod. Coupling strength and frequency are also
influenced by the damping , through its effect on the sound speed (see Subappen-
dix B.E). As the coup ling becomes greater , acoustic amplitudes in the rod
approach those in the organpipe and the two oscillate more like a single
homogeneous system. The result is that the frequency becomes that of a
simple uniform . system.

An example of frequency sensitivity to pressure , cons ider the hypo-
thetical experiment in which (1) damping in the rod is negligible , (2) sound
speeds in the rod and organpipe are the same , (3) gas density is negligible
in comparison to that in the rod and (4) the organpipe length is three-foutths
that of the rod. In this condition the organpipe will oscillate essentially
uncoupled at its f~ ndamenta1 frequency. If the organ pipe is then isother-
mally pressurized to the  same dens i ty  as the  rod , the two wi l l  have near l y
identical acoustic properties and the combination will oscillate like a homo-
geneous unit . The fundamental frequency will be decreased to three-sevenths
of the previous uncoupled organpipe frequency . If the pressure is changed
gradually, there will be a gradual transition of frequency. This examp le is
based on simple acoustic theory for coupled oscillators. The effect may also
be recognized analytically by considering isothermal variations of P2 in the
characteristic equation for an undamped system (see Equation 10 of Subappendix

B .C) .  The same holds for the damped system variations of J~ , as inuuced by
changes of P2 or B in Equations (39a, b) of Subappendix B.H.
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Coup ling of the rod and organp ipe acoustic fields is determined by two
conditions at the interface , as described in Subappendices B.C and B.H. These
two condi t ions  are continuity of both displacement and pressure . They are
properly considered in the analytical models but the NASTR.AN and PE proce-
dures are of the displacement type and directly consider only continuity of
d isp lacement at the interface. The displacement condition provides coupling
between the two components , but it does not contro l the interface slopes of
disp lacement , as is inferred by continuity of pressure . Loose approxima-
tions of the pressure conditions presumed to be enforced by elemental force
balance in the finite element procedures , but lack of explicit contro l at
the interface leaves the accuracy of results somewhat dependent on chance.
This lack of comple te  s imula t ion  may be overcome by uae of a mixed  ( p r e s su re
dsp lacement)  type element .

The foregoing discussion is helpful in diagnosing the frequency cal-
culations plotted in Figure B—3. Two types of calculations , for /3 = 0 and

= .5323 , are involved , and the predictions fall into reasonably close
groups. Both NASTRAN procedures predict zero shift for zero damping (B = 0).
In cont ras t  to th i s , the ana ly t ica l  procedures predict a frequency drop with
increas ing pressure  for  ~ = 0 , as might  be an t i c ipa ted  f rom the  foregoing
discussion of coupling . The frequency drop is caused by the isothermal
changes of pressure , and thus of P2~ 

This f requency  drop wi l l  he lp  exp la in
the  d i f f e r e n c e  between the finite element and analytical calculations for
nonzero damping in the fo l lowing  p a ragraphs .

The NASTRAN predic t ions  of f r e q u e n c y  dependence on pressure wi th
damping (~ = .5323) are again  reasonably grouped , in both base f requency and
va r i a t ion  wi th  p ressure .  The ana ly t i ca l  and PE procedures again cont rad ic t
the NASTRAN group p red ic t ion .  In th i s  case they predict a considerably
smaller  pos i t ive  slope than  NASTRAN . However , the d i f f e r e n c e  between the
slopes of each of the  procedures , as c a l c u l a t e d  with and w i t h o u t  damping
are very near ly  the hypo the t i ca l  f requency sh i f t  in Figure B—3 which was
obta ined  by adding pos i t ive  values  of the anal y t i ca l  f requency drop for
B = 0 to the corresponding values  for B = .5323. It hypothesizes  the pre-
diction of frequency shift by the analytical procedure with damping, if it
was intensitive to the basic undamped coupling with frequency as NASTRAN is.
The agreement with the NASTRAN calculations is remarkably good , but it is
only used to demonstrate a consistency between calculations for the two
conditions . It is not a correction of the analytical procedure. Indeed ,
the indications are that the NASTR.AN calculations should be adjusted down-
ward by the anal ytical frequency drop for B = 0. Analytical , PE and
adjusted NASTRAN predictions for coupling with damping are shown in Figure
B—4. Reasonable agreement is achieved with this adjustment.

This comparison is made to appear more superficial , but most likely
not to be so, by considering the effect of refining the NASTRAN grid. A
calculation with ~ = .5323 at 1500 psi with roughly four t imes finer mesh
reduced the predicted frequency from 757 Herz to 740 Hertz. The difference
between this and the analytical prediction is only .7~~, but the grid was
much finer than could be afforded for practical motor stability studies.
Furthermore without damping , the refined mesh gave identical results to the
coarser mesh calculation. These results are also shown in Figure B—I . Thus ,
the grid refinement calculation with damping appears to give a fortuitousl y
good r esult by partl y eliminating a frequency shift that is real.
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The temptation again might be to state a general rule , from the
tendency toward cancellation of the two frequency coupling effects in the
RU configuration , as predicted by the analyt ical procedure. The para-
metric study shows this would be reckless even for the RO , let alone
rocket motor configurations . The conclusions that should be drawn from
the comparison of results are (1) there is encouraging agreement between
all the procedures on the important prediction of decay exponent , (2) a
strong likelihood of erroneous frequency coupling calculations and their
sources in the NASTRAN procedures has been detected by the analytical
procedure , and (3) there is real value in the use of analytical test
models to trouble shoot and validate finite element procedures. Reli-
ab ility of the analytical test procedure is dependent on the careful
attention to detail. Further attention to such detail in the present
procedure may be needed to obtain a completely satisfactory check.

After consideration of NASTRAN, PR, and analytical solution dif-
ferences the decision was made to further review the 1-D model and to
perform a parametric study of its independent variables. One possibility
considered was that the model might be better able to resolve problems if
it were expanded to incorporate two-dimensional (2-D) strain using a
Bessel formulation. Bruce Hopkins expanded the calculation to a first
order in the Bessel function and found that use of the modified sound speed
(based on tensile modulus ) in the present l-D model was the correct proce-
dure. Analysis of higher order terms for cylindrical symmetry has not been
performed .

The remainder of th is  report contains a review of component s and
S 

concepts that are invo lved in the RO model and the results of a parametric
study of the sensitivity of its eigenvalues to variations of geometric and
phys ical property characteristics.

CONCEPTS AND COMPONENTS OF THE ROD-ORGANPIPE

The factors that influence behavior of a l-D acoustic model are its
length and its distribution of sound speed , density and damping behavior.
Abrupt changes in the material properties , such as that at the RO interface ,
and the relative acoustic periods of these components influence acoustic
transmission from one component to another through the specific acoustic
impedances at the interface. The relative lengths and speeds of sound
influence the transmission by their effects on wave frequency and phase
relations at the interface.

A preliminary rev iew of the rod and the organpipe , as individual un-

coupled sys tems , helps to more clearly define their interaction in the coupled
RO configuration. A description of the uncoup led organp ipe is given in
Subappendix  B . A .  As in a l l  of the  confi gura tions  a n a l y s i s  in this report , both

the stress and st rain fields are assumed to be l—D. The damp ing is cons idered
neg l ig ib l e  and, since the end is uncoupled from the rod , no reac tive response is
assumed. For this reason the eigenvalues are real quantities which are the fre-
quencies fn = nC0/2L. This analysis is briefly extended to that for an undainped
rod with fixed-free boundary conditions , which are closely related to the
coupled RO problem . The frequencies obtained for therod are fn = nC0/4L.

The analysis in Subappendix B.A was for a closed—closed organpi pe. The
double closure i8 more appropriate for the consideration of coupling with
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the rod where the changes of density and speed of sound cause a reasonably
large increase in the characteristic impedance to a wave traveling toward
the rod. The exponential , ei (kx_Wt) is used to represent the spatial and
temporal distributions of the wave , assuming the real part as represent ing
the physical phenomena. This approach is based on convenience in mathe-
matical operations and interpretation , and is justified on the basis that
the acoustic equat ions are both real and linear . These conditions permit
the modeling to be performed with the  complex operator  to obta in  a repre-
sentation of the physical solution as the real part of the mathematical
solution. This validity also extends to the conditions , to be encountered
later , where the terms for k and w are also complex.

The e f f ec t  of a sudden change of characteristic impedance is derived
in Subappendix B.B. That analysis shows that the transmission of a simp le undi—
rectional wave traveling from one medium to another can be expressed in
terms of the r a t io  of the charac ter i s t ic  impedances. This ra t io  is the only
character is t ic  needed to account for the inf luence  of ma te r i a l  proper t ies  on
wave t ransmiss ion  through an interface of two undampened materials , if no
r e f l ec t i on  other than at the  interface occurs. This fact  is very important to
analysis of the RO , because i ts wave system is formed by the  superposi t ion of
inidirectional waves that cross the interface.

However , hard walls at the ends of the RO configuration cause
reflected waves , they therefore modify the impedance at the interface. This
modification is accounted for  by use of a complex f a c t o r  that multiplies the
character is t ic  impedance and is determined by the  r e l a t i v e  ampl i tudes  and
p hase angles of the waves ref lected from the fixed ends of the RU. Impedance
at the  in ter face  is the re fo re  inf luenced by the r e l a t i v e  acoualc f requenc ies
and damping which might occur in either end . The acoustic frequencies , in
turn , depend on the geometric lengths and sound velocities. As will be
shown later , the sound velocities are modified by damping .

No special analysis of free acoustic oscillation in an undamped rod
was performed due to its similarity to the organpipe . But special consi-
deration should be given to the assumption that both the stress and strain
fields in the rod are l-D. This infers that the oscillations are only in di-
latation. In the analyses of this report , the assumption was made that use
of the shear modulus (rather than that for dilatation) in the l-D strain
model is an a c c e p t a b le  approximation of 2-D l a te ra l ly  unconstra ined rod
osc i l l a t i ons  in a f u n d a m e n t a l l y  longi tudina l mode. As mentioned previously
th i s  was found to be a reasonable f i r s t  approximat ion for the 2-D s t ress
f i e ld .

An a n a l y s i s  of an undamped RO conf igura t ion  is developed in Suba~ pendix B.C.
The characteristic equation , reproduced here as

2L 1
tan~~

’
~~ ~~~~~~~~~ P1C1

tan(nrif 
+ ( . )

C2

imp licitly but forcefully shows the importance of both the characteristic
impedance ratio , PlC 1/p~~C~ , and the relative magnitudes of the uncoupled
acoustic frequencies of the rod and the organpipe , Cl/2Ll and C2/2L2 ,  in
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determining the characteristic frequencies. Care must be exercised in using
the impedance ratio as a dimensionless similarity parameter because the
sound speeds , which it contains as a ratio factor , appear otherwise in the
tr igonometric funct ions . Even though coupling effects involve the entire
ra t io , independent var ia t ions  of the sound speed ratio shou ld be co nsider ed
separa te ly .

The un i t s  of time and distance can be separate l y chosen so that Ci
2Ll in magnitude.  With this transformation the characteristic equation
would demonstrate another important similarity parameter (C2L1)/ (C 1L2).
Aga in, this parameter is not exact , because the acoustic velocities are
involved d i f f e r e n t l y  in the impedance ratio. Thus , the coupled , but
undamped RO conf igura t ion P l ’P2 ’ L 1/L2 and C1/C 2 appear as exact dimension-
less similarity parameters while (plCl)/(pZC2) and (C2L1)/ (C 1L2) appear as
important , but coupled parameters. These facts will be realized in analysing
behavior of the coupled RU in the parameter study.

The in f luence  of damping (caused by in terna l  f r i c t i o n  or v i scos i ty )  on
the wave amplitude and frequency is not as intuitively nor analytically simple
as that for  a d iscre te  spring-mass-dashpot  system , but  s imi lar i t ies  in the
behavior of the two warrant pre l iminary  considerat ion of the la t ter  to gain
insight . Analyses of two common (Voigt and Zener) systems are presented in
Subappendix B.D.

The Voigt model e igenvalue , ~) =-.a- + ~~ 5 Cwn + wn Jii~~’ c lear ly  shows
the in fl~ ence of damping on both the frequency and ampl i tude of f ree  oscilla-

S t ions . h i f t s  of the  damped eigenvalue frequency and the f requency response
peak are both downward from the undamped condition as shown in Figure B.D—l . It
is important  to recognize that  the displacement frequency response peak is
shifted down from the undamped resonance frequency by approximately twice the
shift of eigenvalue frequency obtained for the free damped oscillations but
the velocity response peak is not shifted by damping .

A discrete model cannot satisfy a comprehensive analysis of the con-
tinuous RO configuration , but the latter can (at least theoretically) be
posed in a discrete modal form in which the anslogies described in Subappencjjx
B.D can be made exact. The Voigt model is unimodal so it cannot predict direc-
tion of frequency shif t with damping in coupled sys tem s , where the shifts can
be in either direction according to phase relations between transmitted and
r e f l ec ted  waves at the in te r face .  P u r s u i t  of the  exact analogies between
discre te  and cont inuous models is beyond the  scope here , but the resu lts of
Appendix D are q u a l i t a t ively important  fo r  unders tanding damping e f f e c t s  and
th eir calculation by eigenvalue and frequency response methods.

The simplest form of damped continuous system is the i-D damped rod.
An analysis of this system is presented in Subappendix B.E to demonstrate damp
ing analysis terms in the uncoupled components of the damped RO configura-
t ion.  This cont inuous system analog to the complex compliance , discussed in
Subappendix  B . D , is ap p lied here as the only change to the governing equations
used for  Subappendix B . A .  The compliance analog enters as a time—rate—dependent
part  of the equat ion of s t a t e  so that  it forms a dynamic s ta te  equat ion.
This form of the dynamic state equation is similar in character to the Voigt

S model in S~~ appendix B.D. In comparison with the Zener model , it has the weak-
ness of not characterizing the pressure relaxation time for a step change of
density. Neither the magnitude of the pressure relaxation term nor its
i n f l uence  on the analysis  are know. Time was not ava i lab le  to determine
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either in this analysis , however , the difference might be crucial in ob-
taining satisfactory correlation of test and analysis data.

In addition to the complex frequency , as used in Subap~iendix B.D for the
damped discrete system , the damped rod analysis develops the concept of the
complex wave number , which def ines  both the  wavelength and i t s  spa t i a l
amp litude decrement . In the sense of th i s  wave number  being the  r a t io  of
angular frequency to the sound velocity in the case of an undamped system ,
some analysts define a complex wave velocity for the damped system and
develop their  ana lys i s  using i t .  This is not e s sen t i a l  to the development
since the temporal  and s p a t i a l  aspects  of the damped wave are completely
d e f i n e d  by the  complex f r equency  and wave number.

The complex c h a r a c t e r i s t i c  equat ion  is also in t roduced  in Equat ion 15 of
Subap~ e n d i x  B . f .  h y p e r b o l i c  terms , t ha t  involve the  s pa t i a l  wave a m p l i t u d e , comb ine
wi th  the  trigonometric terms , that involve the wavelength. The real parts of the
wave equa t ion  and boundary  cond i t ions  require both the  real and imaginary pa r ts  of
the characteristic equation to be satisfied. It is therefore separated into two
coupled real equa t ions  to be s in .u ltaneous ly  solved for  the components , f and a- , of
the complex e igenvalue .

Ana lys i s  of f requency  response of the  damped rod is hel p f u l  for  under-
standing problems involved in utilizing test data. The frequency response
for a damped rod is developed in Subappendix B.F as a basis for understanding
these problems . This development  is s imilar  to tha t  for  e igenva lues  of fr ee
o s c i l l a t i o n s. The governing equat ions  are ident ica l , but  the  o sc i l l a t i ons
are assumed to have a stead y value  so tha t  a real f requency is assumed.  The
o the r  essen tia l  d i f f e r ence  in assumptions  is tha t  some par t  of the bod y (the
rod end in Subappend ix  B . F )  is assumed to have a cons tan t  o s c i l l a t o ry  amp l i t u d e
and f requeney .

Al thoug h t h e r e  is no temporal  damp ing,  the t ime-rate dependence in
t he  dynamic s t a t e  equa t ion  i n t e rac t s  wi th  the real  f requency to create  a
complex wave number and , t h e r e f o r e , spat ial damping . The temporal damping
c o e f f i c i e n t  may be obta ined  by in fe rence  e i ther  from the  resonant f r equency
and h a l f - p o w e r  bandwidth  or the loss tangen t  in the ways used for  d i sc re te
system anal yses , bu t  any such es t imates  should be based on ca re fu l  ana ly s i s .

Al l  of the  ana lyses  of th i s  report , inc lud ing  t ha t  for the RU con-
figuration , were developed using acoustic terminology . However , in consi-
deration of the direct applicability to possible structural dynamic testing
by conventional engineering methods , the frequency response of the damped
rod was redeveloped in Subappendix B.G , us ing structural nomenclature and the
test data convention for the structural damping coefficient B~~ 

loosely
called the loss tangent .

The relation between the acoustical and structural damping coeffici-
ents was determined by comparison of acoustic and structural damping de-
velopments in Suhappendices B.F and B .C , to be

B = -u ~C/C 2 =

where c is the acoustic damping coefficient and C is the sound velocity in
the damped material , as approximately determined from the static modulus.
Some questions relating to sign convent ions in test and analysis have not S
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been conclusively resolved. Although experimental tests would show that
both 

~ 
and B vary with oscillation frequency (and amplitude) , the ana lyses

of this report assume that ~ is a constant (0.5 for the parametric study
and .5323 for the PE and NASTRAN proglams) for all test parameter variations
but that of itself. The close relations between analyses of f r ee and damped
osc i l la t ions  in the continuum model and those in the Voigt model should moti-
vate careful consideration of the differences between frequency response and
free os cilla tion analyses, as they relate to experimental data and acoustic
damping predictions .

The review of the preceding paragrap,hs and the developments in Suhapp -n-
dices B.A through B .G disp lay the components , and concepts involved in the ana lysis
of the damped RU configuration. An analysis of this configuration is provided
in Subappendix B.H. The complications of its behavior , due to coupling of .ompon—
ent s and due to damping , are interrelated but , to a reasonable approximation ,
may be considered separately. Some analysis of the RU behavior for variations
of i ts geometry and mater ia l  charac ter i s t ics  are discussed later in the para-
metr ic  stud y.

Subappendix B . H  also inc ludes  the development  and app l i c a t i o n  of a gener-
alized Newton ’s method to obtain the simultaneous solucion of the two char-
acteristic equations as functions of the frequency and temporal damping para-
meters. This procedure is app lied , in the ITF program , to iteratively search
the zeros of the eigenfunctions . Accuracy of the solution depends on the
precision available in the ITF system and on the s t a b i l i t y  of the eigenvalues
f and a- through repeated iterations . If, through an iteration , the respec-
t ive changes df and da- are made and

+ .0002

the solution is accepted . The computer program is listed and discussed in
Subappendix 8.1.

The ITF-operated analytical procedure is a very cost effective and
instructive tool. Its validity is sufficient that it can provide valuable
insight and data to complement the finite element study and help guide the
remaining e f f o r t  in the stuctural damping program . The parameter study in
the following paragraphs is intended to define the sensitivities of the RU
to the several system parameters  and to develop the s im i l a r i t y  relations by
which analysis  of the modes can be reduced to s implest form .

PARAMETRIC STUDY OF ROD-ORGANPIPE BEHA VIOR

The dependent variables of interest in defining the RO acoustic be-
havior are its eigenvalues and eigenfunctions . The eigenfunctions are help ful
in understanding the distribution and flow of acoustic energy , but they will
be disregarded in this analysis to focus attention on eigenvalues. This will
permit summarization of the temporal behavior for a large range of parametric
variation in a few graphs of frequency , 

~~~~~~ 
and ampl itude decay rate , a-a .

The independent variables of interest are the lengths , L1 and L2 of
the rod and organpipe respectively, and the material properties associated
with wave travel and damping as shown in Figure B—I. In the anal ytical model
those properties are characterized by the sonic speeds , C1 and C2 the steady-
state densities , P 1 and P2 ,  of the solid and gas respectively, and the tem-
poral damping coeff ic ient , B~ of the solid.
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The characteristic equations define the eigenvalues implicity so a
prel iminary study of the variations for the acoustic parameters (L1, L2 , C1,
C2, p 1, and P2) was performed to find the trends that would infer functional
similarities as discussed earlier. Also , since the densities enter the
analysis only in the form of a ratio , they are combined in that form as a
single parameter . Base values of the parameters are shown in the list below .

Base Values of the RU Configuration Parameters

Parameter Symbol Value

Densi ty  Rat io  P 1/P2 10

Rod Length  Li 10 in.

Pipe Length L2 10 in.

Rod Sound Speed C1 6000 IPS
Pipe Sound Speed C2 12000 IPS

Damping Parameter .5

Results of these calculations are summarized in Figures B.5 through B.12.
All results were plotted in dimensional form but the frequency is plotted as
a sh i f t , t~~c 

of the coupled frequency , 
~c 

from the uncoupled organpipe fre-
quency , f2 = C2/(2* L2); thus , ~~~ 

f
~ 

- f~~. This permits reducing the
scale-range from that required to span the wide ranges of created by
vary ing C2 and L2 and focusing attent ion on deviations from f2 for their
significance. The data for variations of C1 and L1 were plotted similarly for
uniformity.

The lengths and velocities were all varied much more than needed for any
direct comparison , and more than is physically reasonable for the sonic velocit~ €s.
This was done to obtain a vivid picture of the functiona l characteristics of the
variations. Thus , the hyperbolic nature of the average variations of with res-
pect to L2 aud C1 in Figures B.6 and B.7 p lus similar quadratic variation with res-
pect to C2 in Figure B.8, were readily detected . A roughl y proportional variation of
all the data with respect to the density ratio P2/Pl is also apparent . This depend-
ency will be considered in greater detail in subsequent paragraphs and in Figure B—20 .
No average variation of a-c with respect to L1 is apparent . This appears to contra-
dict the idea that acoustic decay by structrual damping increases with the volume of
damping material.

The terms that are involved in the average variations are those re-
lated to the characteristic impedances of the gas and solid and to the
uncoup led organpipe mode frequency. These dependencies were antic~ pated
and used to reduce the variations to a simpler form.

The variat ions of 
~~~ 

with respect to these parameters (L2,C1, C2 and
P 1 /P2) involve characteristics similar to those for a-~~ though not as distinct.
This similarity might be anticipated on the premise that , in the construction
of the wave number in the wave equation, the damping coeff ic ient enters the
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real and imaginary parts as an additive and multicative factor respectively.
The entire complex frequency , W c - ia-c would therefore be affected in the
same manner . Thus , at this level of comparison , the correlations for 

~~~appear to be similar to those for a-c. The premise that the variations of
frequency shift and decay exponent could be reduced to at least a partial
analytical description is obtained from considering the characteristic
equations in Subappendices B.C and B.H. This is supported by the data pre-
sented in Figure B— 5 through B—12.

Algebraic trends of the RO frequency shift , 
~~ c

’ and decay exponent

a-c, variations with C1, C2, pl /P2, and L2 were previously described . These
variations and the functional form of the characteristic equations , were us ed
to reduce a functional approximation to the trends given by 

~~~~
= (p2 C2/p 1C1)

(C2/2L2). The characteristic impedance ratio and organpipe frequency being
considered are contained in this approximation to Afc and a-c. They respectivel y
represent the influence of material properties on coupling effectiveness , and
the real eigenvalue which supports its own modification.

Lengths and veloci t ies  were combined into a single t~mode_coupljng hI

variable Fc = (C2 *Ll) / ( C l*L2), on the assumption that the uncoupled mode
characteristics form a single similarity group upon which the variations
depend. These variations of Af

~ 
and a-c with F~ are trans cendental and may

not be easily resolved in fuctional form. They were left in empirical form
here , but may be further reso lved by a more elaborate modal analysis.

The damping coefficient , ~~~, is already a dimensionless parameter. It
was not recognized as belonging to the previously mentioned similarity groups.
These are closely related in the immediately visible variation trends and the
forms of the characteristic equations . Therefore ~ was lef t to be considered
separately after a preliminary reduction of the data with the variables
mentioned above.

The ITF procedure was modified to calculate the values of a-c/~ c and
as functions of 

~~~ 
Dimensional variables are simultaneously involved

in and Tc and , because these dimensionless parameters were only test vari-
ables , calculations were performed varying rc by means of the individual di-
mensional variables as was done in the initial parameter study. Results of
these  ca lcu la t ions  are p l o t t e d  in Figures B — I l  throug h B— 14 , and are arranged in
iden t i c a l  order  w i t h  r e spec t  to the  i n d i v i d u a l  d i m e n s i o n a l  v a r i a t i o n s .

A gross ana ly t i c a l  r educ t i on  and s i m p l i f i c a t i o n  of the relations
between the RU system variables is evident in the similarity of the p l o t t e d
variat ions. Relevant scale magnitudes of both independent and dependent
variables are reduced to the same order. A global picture of the variations
is easily perceived as products of (1) the algebraic function , 

~~ 
and (2) the

globally similar plots of ac/~ c 
and 

~~c”~c 
with rc. This similarity is strong

between variat ions of any of the components of F~ 
and is essentially exact

between variations of either of the lengths or sound speeds. A totally closed
form solution was not obtained , but the variat ions are in suitable form to
obtain a simplified image of the total results and to guide further investiga-
t ions .
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Each of the several plots for different density ratios in Figures B—li
through B—l4 are quite similar in form . Variations between the forms are either
small or uniform. A more detailed perspective of these variations was
obtained by calculating the reduced frequency and decay parameters as
functions of the density ratio , Pi ’P2 ’ for several values of rc. These
calculations are plotted in Figures B—15 and B—l6 .

Th e p lots show several distinct regions of variation with respect to
P1/22, and Fc. At very low values of these parameters  the frequency shift
parameter, Af c/

~ c, 
and the decay parameter , a-c/~ c , vary oppositely with the

f r equency var iable , Fc. The approximately linear variations of these
parameters  with P1/22 as shown in Figures B—15 and B—l6 , and with r~, as shown
in Figures B—li — B — l 4 , are reasonab ly simp le to p r e d i c t .  However , th is may
not oe relevant to structural damping because it corresponds to very h igh
pressures (or low temperatures) and to extremely small values of the length
ratio , Ll/L 2.

As p1/p2 and rc are increased , the decay and frequency shift varia-
tions both pass through transition regions for each of these variables.
Thus , as is increased , the variations have strong oscillations as the
uncoup led frequencies , C2/ (2 L2) and C1/ (4  L1) pass through resonance and
anti-resonance conditions . As rc becomes larger than 2, the significance
of this resonance is diminished by the spatial decay of the reflected wave
in the solid so the variation with respect to this variable becomes quite
small. A rough check has indicated a reasonable likelihood of this situ-
ation existing in practical motor designs.

As the density ratio , P1/P2 is increased in Figures B—l5 and B—16 , there
is a transition in the decay parameter variation , from the linear region to
an approximately constant region. The likely region of relevance to tests S

and motor design is above p 1/P2 10. The variation of a-c’~c 
and 

~~c
/
~cabove this value is essentially negligible.

If the foregoing conditions do exist in motor structural damping , the
consequence on its analysis may be extremely important , because it might re-
duce the evaluation of structural damping to that of determining a parameter
quite similar to 

~~ 
This task would be almost trivial when compared to a

complete NASTR.AN analysis. If the variations with r~ are small but signifi-cant , greater reliability in the calculations could be achieved by using
NASTRAN . An intermediate possibility is that for some acoustic modes and
motor burn conditions, a simplified analysis could be used while others would
require analysis involving the uncoupled modes , to obtain the coupled behavior.

As stated earlier , analysis of the influence of the damping coeffi-
cent , B~~ 

was deferred until simplification of the analysis could be achieved
with the other similarity variables. Variations of the reduced decay and
frequency parameters with 

~ 
were then performed for several values cc and

P1/P 2-~ Represent~’cive plots of these calculations are shown in Figures B—17
and B-18.

For very small values of ~ (not shown in the plots), the value of
a-c/~ c 

var ies linearly and nearly equal to ~~. The approximate equa l i t y  ind i-
cates an essential closure of the relationship a-c — B~ c for  small  ~~~. How- S

ever , the region of practical interest is near ~ = 0.5 and , for this value ,
nonlinearities strongly influence the variation. At very high value s of B,
struc tu ral damping dynamically hardens the viscoelastic solid so much that

B—18

_________ -S — S_S~~ — ~~~~~ -— ~._ ~~~ __=~~~_•_ ~~~~~~~~~~~~~~~~ - -*.- -~~~~~~~~~ 5 5  
~~I’~~~~~~~~~ -~~’ - - -  ,~~~~



it behaves more like a solid terminal to the organpipe. This ‘hardening ’
is in addition to that of the cha r ac t er i s t i c  imped an ce , p 1/P 2 ,  in •c It
therefore , strongly reduces a-c/~ c 

from the linear variation for large B.

Fortuitous matching of the acoustic wave in the rod with the un-
coupled organpipe fundamental mode exis ts for ~ = 0 and Fc = 2, 4, and 6.
The frequency shift therefore , approaches zero with ~ because the latter
acts to misma’tch the t ransmi t ted  and re f lec ted  waves at the RO interface.
At Fc = .25, the rod and organp ipe are not well matched at B = 0, but the
match is improved by increasing B . Fur ther  s tudy would be required to
obtain a strong rationale regarding the influence of ~ on fr equency shif t
and to assure consistency between experimental methods and data , and
damping predict ions based upon them.

ROD-ORGANPIPE ADVANTAGES AND DISADVANTAGES

The RO configuration has proven to be a valuable analytical tool for
evaluating finite element results in the l-D problem , and for disclosing
problems and simplificat ions of structural damping analysis. Much more
insight may yet be obtained by simple calculations . For example solution
stability and sensitivity to error can be assessed by calculating partial
deriatives of the characteristic functions with respect to uncertain para-
meters and finite element formulat ion features. Other applications are to
determine the differences that may exist between behavior of Voigt , Maxwell ,
and Z ener models , and between l-D and 2-D (axisymmetric) models.

The RU is an effective model for simple theoretical exploration on
the computer , but its simplicity is achieved by disregarding several prac-
tical details in the analytical model. The rod is constrained to axial
motion and the interface is assumed to be sealed around the circumference
by a perfectly compliant and frictionless seal. Acoustic waves in the rod
could be more accura te ly  s imulated by account ing for ax isymmetric radial
expansion wi th  a Bessel formulat ion , but  t ransverse osci l la t ions  would also
be parametr ica l ly  excited in the  rod by longi tudina l  dr iving at the RU
interface.

The rod cannot be appropriately constrained from these modes without
impeding the acoustic wave. Nonlinear Floquet stability theory , using the
Math ieu-Hill equation , is required for analysis of the parametrically ex-
cited transverse waves. New theoretical work would be required to analyze
these waves , but the problem would likely be intractible.

Another  pract ical  problem of the present  RU conf igura t ion  is the
acoustic seal needed around the circumference of the interface. Acoustic
losses at the seal wou ld need to be negligible , but its friction and com-
pliance would also need to be extremely small and accountable in any experi-
mental apparatus. Any circumferent ial nonuniformity would seed the para-
metrically excited transverse oscillations .

Still another drawback of the RO is its lack of effectiveness in
coup ling organpipe oscillations with bending and shear strain in the via-
coelastic materials. Analytical representation is easy to obtain , using the
reasonably high accuracy of a computer , even though the acoustical impedance
is high . Experimental work is much less accurate and , therefore , the need
for maximum matching of the rod and organpipe impedances is acute.
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CONCLUSIONS

Comparison of the rod-organpipe (RO) analytical model with results from
the NASTRAN and PE programs has demonstrated reasonable agreement in the
acoustic decay parameter and disagreement s in the frequency shift . The likeli-
hood was shown that the disagreement s are caused by a ~eakness of the reformu-
lated CDUM element used in NASTRAN . Further  study of this problem should be
performed to determine whether  a mixed element , that provides for continuity
of both press ure and d isplacement for abrupt mater ial property changes , would
ca lcu la te  the  correct f requency sh i f t .  Such an element may be va luable  for
other problems in s t r u c t u r a l  anal ysis.

A comprehensive parametric study of acoustic decay and frequency shift
in the RO configuration was performed , and the resu lts were reduced to a
simplified form by analysis of similarity. In the simplified analysis , three
nondimensiona l indepencdent variables essentially rep lace seven dimensional
variables needed in the unreduced form . The results provide considerable
insight for the general problem of structural damping analys is. They also
disclosed the possibility of achieving an important reduction in the ana-
lysis required for structural damping with simple , but powerful , modal
analysis methods.

The RU analytical procedure has proved to be a valuable tool in
understanding the problem of s t ruc tu ra l  damping and the finite element pro-
cedures used to analyze it. Extensions in the use of the model that are
recommended are separate modifications to investigate (1) the significance
of applying the more comprehensive Zener model for viscoeiastic comp liance ,
(2) eigenvalue solution stability and sensitivity to error , and (3) the
significance of 2-D effects.

The subappendices of this report provide a heuristic development of
many concepts and problems in structural damping analysis and of the modified
Culick analysis of the RO configuration. They also provide a rational basis
for critical review of problems of the structural damping program with AFRPL.
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SUBA PPEND 1X B .A

EICENVALUES OF CLOSED ORGANPIPE

Acoustic coupling of the rod with the organpipe modes is essential ly

a perturbation of the gas cavity oscillations , determined with the assump-

tion of a hard ‘wall at the propellant surface. The analyses of this repor t

are based on modification of the fundamental mode of a closed-closed (C-C)

organpipe by a viscoelastic rod coupled in tandem. This Subappendix outlines

the derivation of the C-C organpipe eigenvalue for free oscillations as

follows :

L

e.c~

Fi gure B . A — l .  Closed—Closed Organpipe Schematic

Continuity 
~~~~~~~~ 

— 5r

~~ 
Ujp~ 

(1)

Isent ropic  Sta te  p C
t 
~ (2)

Momentum ~ U,~ ~ 
— (3)

Nondecaying N I.~ (4)

(1) , ( 2 ) & ~ s) 

~~~ 6

(6)

~~~~~~~ 
& 

~~~~~ 
~~~~ p (7) 

55

(~L3
(4 )~~ & (7) 4 ~.Y p ~~O 4~e* s. k ”  dU~~~~ (8)

B-40

_ _ _ _ _

__________________ - . - - ~~~~~~~~~~~~~~~ 
- - ~~~~~~~~~~~ ‘~~~ -- -. -



(4~~~ 
(

~)

B.C ’s. £L ( O) m U.(L) 0 (9)

B i d i r e c t i o n a l
Wave 

p 
= ?# e 4- f— e (10)

( 3) & ( 6) (&. — 
~~~~~~~ /(eo c~’) (11)

/ ~hx —j j~X \
(10) & (11) u15~~ ~

;-
~

- (~~~ + e p...e ) (12)

(9-a) & (12) 41 ~ 4 p ~ p

~~~~~~~~~ thX
.~~ e ’

~~ ) (13)

(9-b ) & (13) 
-tkL (kL”)’~ ~~ ~~~ ~~~ Xe! (14)

( 8-b) & ( 14 ) 
~ 

o~ ~ 
(15)

B.C ’s. for  (
~) 

(~)
f ixed free  0 

(16)

(13) & (16—b) cos(k,L’)=o or (17)

(8-b) & (17) OV n =J 1Z~ ,..~ (18)

S
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SUBAPPENDIX B . B

SIMPLE WAVE TRAN SMISSION AND REFLECTION AT ABRUPT

CHANGE OF CHARACTERISTIC IMPEDANCE

Cha nges of de nsity or sound speed , along the path of a wave , split

the wave into transmitted and reflected parts. The functional nature of

this behavior is important to coupling between the components of the rod-

organpipe. The relationship for the ratio of transmitted and reflected

amp litudes and intensities is derived here for nondissipative materials.

Consider the pressure amplitudes at the interface of materials

designated with subscripts 1 and 2. The wave transmitted into material 2

is assumed to continue without reflection as shown in Figure B.B- l .

e,,c.

Fi gure B .B—1. Waveguide with Abrupt Change of
Charac te r i s t i c  Impedance

The outline of the derivation is as follows:

(10),(11)&(12) (A.) 1JJ~ Cc)
from App. A ?.~ ~~~~~~ 1j~~~ 0 =

( 1)

~~ o~1-i~~ uP ~ -
~
(L-P

~-)
E l i m i n a t e  P1 & (O,

~~ 
S

~~ 
and Solve ~x.. X~ L w ~~ y ~~ .f!S3

. (2 ~
Y41 Y-I I

D e f i n i t i o n  of _______ _____

I n t e n s i t y  = fl p Lt~.p ~~~. frL (~~ ~~~~ B~~i (3)

B-42

- —  - - —- - - - - 
i

-S— - — S~ 55S_ 
~~555 —



Eva l t 1 a t ~ u in t erms
average  over 

~~~~ ~~/(tec.~ ~~~~~ P/ ~r~ c.~ ~, F~/~2~c) (4)

tLir ~-~ii~ 
)

(5)

R ef l e c t i o n  
~~

b~ i+ \T~+1 \PPI I

I t  is i m p o r t a n t  to recognize tha t

~~
(-f

~
) ~~oC~(r’~ 

~

~~t 
~~~~~~~~~ k 

(6)

and - 
-p ~ 

-
~~~~~ p1.,. j

N4 r

These r e la t i o n s  h e l p  unders t and  a peaking of the coup ling action at t he

P 2C2
co n d i t i o n  r = —b--- = ~ E q u a t i o n s  (6—c& d)  are p l o t t e d  in F i g u r e  B . B — 2 .
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SUB A PPEND IX B .C

CHARACTERISTIC EQUATION OF UN DAM PED ROD-ORGANP IPE

The undamped RO configuration is the limiting case for small damping

coefficient ~~. Its characteristic function is therefore a check

for the damped RO at the cond ition ~ = 0. It also provides a simpler

example to perceive the handling of those features not related to damping .

The analysis here utilizes that of the organpipe in Subappendix B .A by
assigning subscr ipts, 1 and 2 , to the terms of Equations (A-b , 12), corres-

ponding respectively to the rod and organpipe. The analyses are then

coupled as follows:

S 

L,

• I ~~~~~~~

Fi gure B.C—i. Undamped Rod-Organpipe Schematic

~~~~ L, L4 ~~x~~Ls L~

p
~ p e ~~

’
~ + ~~~~

- 
~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ 

(10)

,

~~~~ ~~.[p,4 x . 1j.e ~l9 ~~~~~~~~~p .~~~
tX p e ~~~~ J 

(12)
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EIGEN VALUES AND J ’ R I  UE:: CY RESPONSE
OF I)ISCRE TE DANI ’ED 0SCiLLATl0~;s

Th~ Voigl I!I t ) d ci  shown in F i g U r e  IL l ) — !  I S  tIe s imp I - - t  d i  s c r ~ t~~ m o d e l
Li I , I L  c~in be use d as an analog for  compar ison  w i t h  damped cont int i ou s  sy s t e m S .

A F U i l v e i s  of i t s  e ig c nv a lu c s  and f r e q u e n c y  r esponse  is as f o l l o w s :

1-i gure th U— I Voigt Use Ulator Schematic

Moti n ’ ut t i i i i  Vv~~ 4 
y 

~ 4 I~ X ~-Q or t~ c*~~ +A .~~~ x x F w h er e  ~ ( I )

Ci,:ir. q i i .  ~ X ~ (s~ ~~~~ ~ (2)

I~1gcnva 1Ltc — 0(4 •(~
j  = ~~~~~~~C$~)~j  1’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 1)

7 I r ~ - . Sit I I I  ~~~~~~~ ~~~~~~~~~~~~~~ i ~~~~~~~~~~~~~~~~~~ 
(
~

)

D r  i Von I I ~~~ 5 5 i .  F~ F0 ~~ 50 , IS  i n g  Eq fl  ( I - h ) ,  a_ c 
~~+‘Z.j~~O~6.,

R e e D .  h 1it .

~ t i r s  a t  t h e  f r e q u en c y  wher e t ~So).~,A~)J 
or (6)

i s  at a m a x i m u m .  D i f f c r cn t i a t i n g (6) with respect to and equating the results

10 se r o obt  ;I ins t Ill. amp l i t  t i d e  resonance  at  M ) c ~
)N~[i~Z $

__

~~
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(~~)

S ~~~~~ 
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C o n s i d e ra t i o n  of the velocity resonance frequency condition is

sometimes important because measurements or calculations may be velocity

related. The veic city is given by 
~~ 

— ~ & X
and the f r e q ue n c y  f o r  ~~~ 

is the same as that for

so the velocity resonance is at ã~I~.I9/~l~. ~~O (10)

But  
o.~f. —]

~~~~~~~ ~~~~~~~~~~~~~~~ 
( i i )

Thus the ve loc i ty  resonance is at 
_______ S

Three frequencies have been found which characterize the Voigt model (12)

They are schematically represented in Figure B.D—2. Distinc t frequency peak

‘U

“•l
a

0
0

P~~ c O~~~ i~~erRe~ pos~~EFR.e ~~ c~j~qpog (swv VALUE
PM VELOciTY Resp ow~E~

-.4
‘1’

‘U o

- -

Fi gure B.D—2. Voigt Model Frequency-Peak Characteristics

characteristics also exist In continuous systems , however , direction and magni-

tude are not simply related with those of the discrete model if a coupled system

is Involved . The analogies for such cases are more complicated .
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The Zener , or standard linear compliance , model (see Figure B .D—3) i s

a more exact analog of damped continuous material. It is similar to the

Voig t model but has a linear spring in series with the dashpot. This allows

t h e  model  to ,n-count for p r e s s u r e  r e l a x a t i o n  that is observed titer sudden

compression. The Zener model can best be compared directly with the con-

tinuous system by considering only the complex compliance as relates between

the t wo systems . The analysis  of the compliance is as fo l low s~

1-i gur i- IL D—3. Zener Compliance Model Schematic

( k a.. X 1- K, (r— x,’~ 4 ( I i)

Fo r i - c Ba I ao l - c

k1 (x -x ,) - r ) 0 ( 14 )

X”X~~~e and ( 2 )  ( I S )

)
(l)55 ~( i O-t m~) ~ 

— K,(r~s -t-i’~x wh er e  ~ 
(I’)

The continuum analog to Eqn 4-a is (j÷~~~s)p M(’r~s+ ‘)e (17)
Analy t ical  sol ut io n us ing  such a comp liance analog would be coii siduta bl y
more difficult than with the Voigt model unless the equivalent form

?~~ M( ~~~~
—’j~e (18)

could be approximated with an iteratively refined continuum analog of the
Voigt model. The form of this analog is

( 1 9 )

where ~ is related , but not equal , to the parameter r.

This procedure could also be used in finite element analyses in which
th. global matrix equation is solved iterativel y.
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S UB A P l ’l - 5~ 2 ) I X  N i .

CHARACTERISTIC EQUATIONS OF VISCOELASTIC (DAMPED) ROD

Consideration of the uncoup led viscoelast ic rod will j i l t  r oduc e  t h e

development of coupled , complex c h a r a c te r i s t i c  e q u a t i o n s  a - i d  c o m p l e x  e-igen-

v a l u e s  fo r  a simp ler c o n f i g u r a t i o n  t i t a n  the  RO. ih i s  w i l l  h e l p  make tI~
features of coupling and damping more distinguishable in t i t e  RO.  The o n ly

d i f f e r e n c e  in the  c o n f i g u r a t i o n  and govern ing  e-qua ions , f r o m  thos e -  of the

uncoup led organp ipe , is t h e  a d d i t i o n  of a d a m p i n g  t e rm  to t h e  s t a t e -  (or

s t i f f n e s s )  e q u a t i o n  s imilar  to tha t  fo r  th e  discrete model. Ana l~ s is of

the  damped v i s c oe l a sL i c  rod shown in Fi gure  1LE 1 i s  as f o l l o w s :

/ / / ~~
7
~iT / /

Vzi1~3 ~~±L

F I D l I F
~~

- B E - I .  Damped Rod Schematic

(~) (c~ (e)~~ (I-’)
( 5 5 5 5 0 t i t t l I i t -  — ç (LC ~ SO 4-~L~ i l s i ~~~~~~ ~ r~ —~c ) ( 1)

- I t ’  -t Cc~= )~Js’) (2 )

1OIUL f l t  or- ~~ ~ 
( 3 )

I t t - I  iii i t  f ’ n  ~~~~~ Ct) — (4)

P e r  lou  I c  I- -.:p on . h a y  A l l  al -oust ie variable 
~~ e (5)

(5) at ’=- /Qu. .  (6 )
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( l h ~. ( 2 )  rt ’= i~’ (C
2(-Lx f~~~ ‘&~ ) (7)

(6)&(7) (A l s ip  ~~_ ro (c 2
~~iS~~ )E~ ( 8 )
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~ (
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SUBA PI’ END I X B .F

FREQUENCY RESPONSE OF DAMPED ROD (ACOUSTIC NOMENCLATURE)

Test ing  of m a t e r i a l  to o b t a i n  i t s  v i s c o e l ast i c  c h a r a c t e r is t i c s

generally involves determining its frequency response to forced oscilla-

tions . If the driver has a low output impedance the driving condition is

cha r acte r iz ed by an interface pressure and the driving point displacement

or veloc ity response is measured. If the driver output impedance is h i g h

the response of the driving point stress or force is measured. Both of

t u e-se approaches  are d e p i c t e d  in Figure  B .F-l  and ou t l in ec  as f o l l o w s :

‘~R ~ ~ ~ \ \ \ \ \ 1
~~~~~~~~~~~~

F i g u re FL F— I A c o u s t i c a l l y  Driven Rod Schemat ic

( I l t i u l t I I t V  ri- ~ r~ 
tL~ 

( 1 )

i ) v i h a nl I  ~~t I t -  p c ~ ~~

‘ (2)

‘lo m i n t  t i n t  re a.t, ( I )

I’ e r j uud i u I)riving ;L(k~ ’ )~~-
. £&,t 1

S S te- i d ’ -  Amp l i t u d e  
~ 

,
~
, p ~~ c.~. ~~ €. (4)

R es p o n se  r

( l ) , ( 1 ) ~~. ( 2 )  ( I )
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SUBAPPENDIX (((2

FREQU ENCY RESPONSE OF DAMPED ROD

(STRUCTURAL DYNAMICS NOMENCLATURE)

Terms and procedures used in material testing are not identical to th e -

common acoustic terms used in this report. Accurate predictions of struci ral

damping in combustion instability requires that analyses and testing at 1e-ast

can be consistent in transfer and use of data. No sufficiently comprehensivi

and genera l ly accepted definition of terms and standard proced ures Were- found

for  dynamic testing. Therefore , a trial is made here to outline the fre-

quency response analysis of Subappendix B .F  with assumed structural dynamics t una — -

This is presented to instigate constructive criticism and initiate other

efforts to obtain a comprehensive and compatible procedure for testing and

ana lys i s

F i g u r e  B. C-U Acoustically Driven Rod Schematic

(d~) (‘) (4\  ~i~i)
Continuity ro ~~~~ t4~x ( I )

hynant i t- St a t e  C
2 (14 i~

Mo m e n t u m  ~~ Lt~, —

~ [~k~ / k~)~ — t~~J
Periodi c— Ste ady r ‘~- c..~ - ‘-‘ ~~ 

—‘ e (4)

( 1 — d ) & ( 2 )  cr-i ~~~~ 
c’

~- (I  .~ /~~) (5 )
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SUBAPPENDIX B.H

EIGENVALUE PROCEDURES FOR THE DAMPED ROD-ORGANPIPE

The concepts and analytical procedures involved in the anal ysis of

the RO have been outlined from several viewpoints and in several applica-

tions in Subappendices B.A through B.C. Analyses of uncoup led components and of

indiv id ua l physical characteristics were used to demonstrate the effects of these

features more clearly. In Appendix B.H all of the components and effects are

combined in a single analysis.

The analysis here contains derivations of both the coupled charac-

teristic equations and the procedure used to extract the eigenvalues from

them. The original characteristic equation development was by Prof F.E.C.

Culick of CIT. Several practical improvements were made to this routine

during shakedown, and af ter some exper ience , on the computer. The general-

ized Newton ’s procedure was then applied to obtain the basis fc~ an ITF

• computer program. An outline of the analysis is provided in the following
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SUBAPPENDIX B . I

ANALYTICAL PROGRAM LISTING

00310 Ll=l0.OCG;
00020 12 = 1 0 . 0 0 0 ;
d0030 Cl=6000.0;
0034C C2=12000.0;
OC OSO RO1 =l .6275E — Le ;
0006 0 P=1500;
00070 R02=l .1012E—5*P/1500;
00080 RRO=l0;
coo~o BET= .5;
00100 A: PUT(’  VA ’~0 VA PF DVA ~ F A L P ’ ) ;
06110 C ,ET (V R3,V RF ,DV R ,FD,A LT )) ;
00120 I F (V P F <V R O  ~, DVq > 0)  DV’~=— DVR;
C01 3 0 PUT(’ ‘);
00140 ~‘1O=12;
00150 DO VAR =V RO TO V~ F BY D V~~;0016(1 RCL =V A R;
30162 RCL=C2 * L 1 / (C 1* L2) ;
60166 VRP—VAR;
30168 RRC RRO*C1/C2;
00170 U=6 .28318*FD;
30180 ALP=ALD;
00190 N N D ;
00203 C: 1=0;
00210 0W 1;
30220 DAL 1;
00230 Q: 1= 1+1;
30240 TST=0;
00250 R: TAU — BET/W ;
30210 F I 1 ATAN (BET/ ( 1—ALP *TAIJ));
00270 F 1 2 0.0000;
00280 SR1=SQRT(SQRT ( (1. 000—ALP*TAU ) **2+BET**2));
002q0 SR2 1.000;
00300 X1 11* (i.I*SIN(FI 1/2.ror)—ALP *COS (FI 1/2.OCr))/(C1*s01);
00310 Y1=L1* (W*COS (FI 1/2. u i)0)+ALP .SIN (FI 1/2.000) )/(C1*SP1);
00320 X2=L2* (W*SIN (FI 2/2.000)—A P*COS(rI 2/2.C6C))/ (C2*SP2);
00330 Y2 L2* (W*COS (FI 2/2.~~00)+ALP*SIN (FI 2/2.060) )/(C2*SR2);
00340 XI 1=COSH(2 .O0*X1)+CIS(2.0C.Y1);
00350 TH1=S I MH(2 .00*X1)/XI 1;
00360 XI 1~SIN (2.00*Y1)/XI1;
06370 X l 2=COSH(2.00*X2)+C~ S (2.CC*Y2);
0038 0 T H2=S IN H (2 . 0 0 *X 2 ) / X l  2;
00300  X I 2 S I N ( 2 . 0 0 * Y 2 ) / X 1 2 ;
00400 F22 ( F 12 — F t l ) / 2 . 0 0 0 ;
00410 C22 C0S(F22);
30420 322 S1N(F22) ;
00430 ~Z=RRC*SR1/SR2;
3 04 4 0  E 1= + T H 1+ RZ * (T H 2 * C2 2 + X l2 * S 2 2 ) ;
00450 E2 =—X I1 +RZ*(TH2*S22—XI2*C22);
004 6C IF TST > .5  (

~ TO S;
00470  ElO— El ;
004 80  E20 E2;
30490 WO W;
0C500 ALO ALP ;
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105 1( J W +DW;
0 0 5 2 0  TST= 1;
£ 0 5 3 C  GO TO 

~~;

0 05 4 0  S: IF TST> 1.5  GO TI T;
0055 0 ~1W=(E1—E10)/DW;
00560 E 2 W = ( E 2 — E 2 0 ) / D w ;
0 0 5 7 0  ~~~-10;
C0 58 -3
00590 TST=2;
30600 ~!) TO ~;
~Q 6l0- T: IF T S T > 2 . 5  GO TI U;
0062 0 E1~ = ( E 1— E 1O ) / DAL ;
0 0 6 3 0  E 2 A = ( E 2 — E 2 C ) / D A L ;
00 140 D E T = ( E l A * E 2~ —E 1W * E2A ) ;
00649 IF (DET O) DET 2E— 5;
00650 DA L = ( E l t J * E 2 0 — E 1 0* E 2 W ) / D E T ;
30110 DW= (E10*E2A—E1A*E20)/DET;
00670 ALP=AL O+ DAL ;
0068 0  W~~/ 0 + DW ;
001 110 ERS= .3002 ;
00 59 5 P.A L=A L P* RRC * 1G O / ( C 2 / L 2 ) ;
-30700 I F (A B S ( D W / W ) - + A B S ( D A L / A L P ) ) < E R S  GO TO U;
00 710 IF I <N — .5 GO TO Q;
0 0 7 2 0  9F=DW/6 .28318;
00730 1 W / 6 .283 18;
3074 0 PUT E D IT ( F ,I~I.LP,V ” P,RC L ,P!~L,RZ ,I)
00750 10 TO B;
00760 U: F = W / € .2 8 3 1 8 ;
30770 RDF (F—C2/(2*L2) )-*RRC*12*1E4/C2;
00 7 80 PU T F f 1  T ( F ,S A LP , VPP, R C L , RAL , RtiF ,X1,Y 1)
-00 790 B: FD~ F;
-3 0 795 ALD= A LP;
308 00 END;
-DC8 lc GO TO A;
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